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Einstein’s General Relativity (GR) is possibly one of the greatest intellectual achievements ever
conceived by the human mind. In fact, over the last century, GR has proven to be an extremely
successful theory, with a well established experimental footing, at least for weak gravitational fields.
Its predictions range from the existence of black holes and gravitational radiation (now confirmed)
to the cosmological models. Indeed, a central theme in modern Cosmology is the perplexing fact
that the Universe is undergoing an accelerating expansion, which represents a new imbalance in
the governing gravitational equations. The cause of the late-time cosmic acceleration remains an
open and tantalizing question, and has forced theorists and experimentalists to question whether
GR is the correct relativistic theory of gravitation. This has spurred much research in modified
theories of gravity, where extensions of the Hilbert-Einstein action describe the gravitational field,
in particular, f(R) gravity, where R is the curvature scalar. In this review, we perform a detailed
theoretical and phenomenological analysis of specific modified theories of gravity and investigate
their astrophysical and cosmological applications.
We present essentially two largely explored extensions of f(R) gravity, namely: (i) the hybrid
metric-Palatini theory; (ii) and modified gravity with curvature-matter couplings. Relative to the
former, it has been established that both metric and Palatini versions of f(R) gravity possess in-
teresting features but also manifest severe drawbacks. A hybrid combination, containing elements
from both of these formalisms, turns out to be very successful in accounting for the observed phe-
nomenology and avoids some drawbacks of the original approaches. Relative to the curvature-matter
coupling theories, these offer interesting extensions of f(R) gravity, where the explicit nonminimal
couplings between an arbitrary function of the scalar curvature R and the Lagrangian density of
matter, induces a non-vanishing covariant derivative of the energy-momentum tensor, which implies
nongeodesic motion and consequently leads to the appearance of an extra force. We extensively
explore both theories in a plethora of applications, namely, the weak-field limit, galactic and extra-
galactic dynamics, cosmology, stellar-type compact objects, irreversible matter creation processes
and the quantum cosmology of a specific curvature-matter coupling theory.
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4Part I
Introduction
A. Going beyond Einstein’s General Relativity
Einstein’s General Relativity (GR) is one of the greatest intellectual achievements ever conceived by the human
mind. In GR, the basic assumption is that the gravitational field can be interpreted geometrically, and it is fully
determined by the quantities that describe the intrinsic geometrical properties and structure of spacetime. This
important idea has the fundamental implication that the spacetime geometry itself is locally induced by physical
phenomena and processes, such as the distribution of matter and energy, or the motion of gravitating objects, and
that space and time are not a priori determined absolute concepts. In this context, one of the most remarkable
evolutions in modern physics was the natural emergence of the ideas of the Riemannian geometry (already developed
by the mid nineteenth century) as introduced in the framework of gravitational fields. This evolution took place in the
years 1909–1916, and is due mainly to Albert Einstein and his collaborator Marcel Grossmann, with David Hilbert
also making important contributions to the theory. Thus, in order to describe the properties of the gravitational
field in the framework of GR, one must resort to the Einstein gravitational field equations, defined in a Riemannian
geometry. These equations establish a deep connection between the geometric properties of the spacetime, and its
matter content, providing a full description of both geometric characteristics of the spacetime, and of the dynamics
of gravitating objects. Moreover, in addition to its theoretical beauty, GR provides an excellent description of the
gravitational effects and phenomena. In particular, the weak field limit within the boundaries of the Solar System, and
applications to Cosmology, have provided an excellent testing ground on both astrophysical and large, cosmological
scales.
Indeed, during the last few decades Cosmology has evolved from being mainly a theoretical area of physics to a
scientific domain supported by high precision observational data. Recent experiments and observations call upon state
of the art technology in Astronomy and Astrophysics to provide detailed information on the contents and history of
the Universe. The observational advances have led to the measurement of parameters that describe our Universe with
increasing precision. The standard model of Cosmology, having its theoretical basis in GR, is remarkably successful in
accounting for the observed features of the Universe. However, a number of fundamental open questions still remain
at the foundation of the standard model. In particular, we lack a fundamental understanding of the physical processes
behind the recent acceleration of the Universe [1, 2]. Hence, in this context, modern astrophysical and cosmological
models are plagued with two severe theoretical problems, namely, the dark energy and the dark matter enigmas.
Relative to the latter, the dynamics of test particles around galaxies, as well as the corresponding mass discrepancy
in galactic clusters, is commonly explained by postulating the existence of a hypothetical form of substance, called
dark matter, with a corresponding particle. Relative to the dark energy problem, high precision observational data
has confirmed with startling evidence that the universe is undergoing a phase of accelerated expansion. This phase
is one of the most important and challenging current problems in cosmology, and represents a new imbalance in
the governing gravitational equations. The simplest scenario to explain the late-time cosmic speedup is to invoke
the ΛCDM paradigm. However, if we assume that the cosmological constant constitutes the vacuum energy of the
gravitational field, we are faced with an extremely embarrassing discrepancy of 120 orders of magnitude between the
observed value and that predicted by quantum field theory. This is the celebrated cosmological constant problem.
Several other candidates, responsible for this expansion, have been proposed in the literature, in particular, dark
energy models and modified theories of gravity, among others [3].
In the framework of Riemannian geometry the simplest modifications of GR are the f(R) modified theories of
gravity, in which the Ricci scalar R is replaced in the Einstein-Hilbert action with an arbitrary function of the
curvature scalar [4–12]. The main goal and physical justification of this extension is to give a reason to the recent
cosmological observations that cannot find a satisfactorily explanation within the framework of GR, and especially
for providing a credible alternative to the cosmological constant. In the standard cosmological model the accelerated
expansion of the Universe is interpreted by the presence of the cosmological constant Λ, introduced by Einstein in 1917,
and which represents around 68.3% of the total matter-energy density of the Universe [13]. However, the true nature
of the dark energy, or of the cosmological constant, remains elusive. As mentioned above, the cosmic acceleration
may also be explained by considering some other modifications of GR, which are different from the simple approach
consisting in the formal addition of the cosmological constant to the field equations, and to the action principle.
The cosmological observational evidences can also be explained by modifying the Einstein-Hilbert action, in which
f(R) theories provide such a framework that allows the straightforward generalization of the Einstein gravity. An
important property of f(R) gravity is its relation to some classes of scalar-tensor theories. After performing a Legendre
transformation, a scalar field non-minimally coupled to the curvature can be introduced. This procedure significantly
simplifies the analysis of the theory, since it allows the extensive use of the mathematical and physical methods
5developed in scalar-tensor gravity.
B. Motivations for hybrid metric-Palatini gravity
f(R) theories of gravity have been intensively investigated in both their metric [14–19] and Palatini formulations
[20–22]. For a review of the Palatini formalism in f(R) gravity theories see [23]. In the metric approach to gravitational
field theories one considers the metric tensor as the only dynamical variable in the action. On the other hand in the
Palatini approach the connection is considered as an independent variable, independent of the metric tensor. Hence in
the Palatini approach the field equations are obtained by varying the action with respect to both the metric and the
connection. It turns out that in case of Palatini f(R) theory the scalar field is not dynamical, which implies that the
Palatini formalism does not introduce additional degrees of freedom [23]. This represents a basic difference between
the metric and the Palatini formulations for this type of theories.
Despite representing a promising avenue for the extension of general relativity, f(R) gravity possesses some very
serious drawbacks. As we have already mentioned, f(R) theories introduce in their formalism an additional degree
of freedom that behaves like a scalar field. In order to be relevant for the large scale dynamics of the Universe,
the scalar field must have a low mass. On the other hand the presence of such a scalar field would influence the
dynamics on smaller scales, like, for example, at the level of the Solar System. Since no such small scale effects
were detected, one must find different physical explanations for this situation, such as the introduction of a screening
mechanism [24, 25]. Moreover, in the Palatini formalism, the scalar field is an algebraic function of the trace of the
energy-momentum tensor, and hence no additional degrees of freedom are introduced. This fact has very serious
consequences for the theory, leading to the presence of infinite tidal forces on the surface of massive astrophysical
type objects [23]. In order to circumvent some of the shortcomings of the Palatini and metric f(R) theories of gravity
the so-called hybrid metric-Palatini gravity (HMPG) theories were proposed initially in [26], and further investigated
and developed recently. One of the main advantages of the HMPG theory is that in its scalar-tensor representation
it introduces long-range forces that automatically pass the Solar System tests, and thus no contradiction between the
theory and the local measurements arise.
In Part II we will review the hybrid variation of these theories, in which the (purely metric) Einstein-Hilbert action
is supplemented with (metric-affine) correction terms constructed a` la Palatini [26–31]. Given that both metric and
Palatini f(R) theories allow the construction of simple extensions of GR with interesting properties, and, at the same
time, suffer from different types of drawbacks, we initiated a program to establish bridges between these two seemingly
disparate approaches, hoping to find ways to cure or improve their individual deficiencies. For that purpose, in a
number of works we have considered a hybrid combination of metric and Palatini elements to construct the gravity
Lagrangian, and we have found that viable models sharing properties of both formalisms are possible.
An interesting aspect of these theories is the possibility to generate long-range forces without conflicts with local
tests of gravity, and without invoking any kind of screening mechanism (which would however require that at the
present time the cosmological evolution reduces to GR). The possibility of expressing these hybrid f(R) metric-
Palatini theories using a scalar-tensor representation significantly simplifies the analysis of the field equations, and
the construction of their solutions. In some sense, considering a theory like R + f(R) means that we retain all the
positive results of GR, represented by the Einstein-Hilbert part of the action R, while the further “gravitational
budget” is endowed in the metric-affine f(R) component, where R is the Palatini curvature scalar constructed in
terms of an independent connection. In fact, it is well known that metric-affine and purely metric formalisms coincide
in GR, i.e., considering the action R. On the contrary, the two formalisms lead to different dynamical theories
considering more generic functions f(R) [23].
C. Couplings between geometry and matter
In Part III, we consider another interesting possibility for an extended theory of gravity, which includes nonminimal
couplings between the scalar curvature and the matter Lagrangian density, introduced in [32], and its extensions and
generalizations, which we follow closely [33]. This nonminimal coupling between matter and the gravitational field
was first studied by Goenner, in 1984 [34], who considered a departure from GR, by breaking the principle of minimal
coupling. Recall that the latter is incorporated into Einstein’s theory and states that in the Lagrangian density of
the variational principle describing the gravitational field, the dynamical variables describing matter do not couple
to the curvature tensor, which represents the gravitational field. An explicit curvature-dark matter coupling was
also considered in [35]. The specific cases of a curvature coupling to dark energy [35], the Maxwell field [36] and an
explicit curvature-Yang-Mills coupling [37] was also explored in the context of inflation and of the late-time cosmic
acceleration. Indeed, in these theories, it was shown that an explicit coupling between an arbitrary function of the
6scalar curvature R and the Lagrangian density of matter induces a non-vanishing covariant derivative of the energy-
momentum tensor, implying non-geodesic motion and, consequently, leading to the appearance of an extra force [32].
The extra force is always orthogonal to the four-velocity of the massive particles moving in the gravitational field, and
the corresponding acceleration law was obtained in the weak field limit. The theory also points towards interesting
connections with MOND, and with the Pioneer anomaly, which were further discussed. The curvature-matter coupling
theories in which the matter Lagrangian couples to the curvature scalar include the more evolved generalizations of
f(R,Lm) theory [38]. An alternative approach is represented by the f(R, T ) gravities [39], in which the trace of the
matter Lagrangian is coupled nonminimally to the scalar curvature. Amongst other features, these models allow for
an explicit breaking of the equivalence principle (EP), which is highly constrained by Solar System experimental tests
[40], by imposing a matter-dependent deviation from geodesic motion.
Note that the weak equivalence principle is considered one of the pillars of GR and, in fact, even a sizable part
of the modified-gravity community considers this principle as truly fundamental [41]. This fact has to be stressed
because it demonstrates somehow a limitation for this class of theories. However, it has been recently reported,
from observational data of the Abell Cluster A586, that interaction of dark matter and dark energy does imply the
violation of the EP [42]. Notice that the violation of the EP is also found as a low-energy feature of some compactified
version of higher-dimensional theories. Indeed, as emphasized by Thibault Damour, it is important to note that the
EP is not one of the “universal” principles of physics [43]. It is a heuristic hypothesis, which was introduced by
Einstein in 1907, and used by him to construct his theory of GR. In modern language, the (Einsteinian) EP consists
in assuming that the only long-range field with gravitational-strength couplings to matter is a massless spin-2 field.
Modern unification theories, and notably String Theory, suggest the existence of new fields (in particular, scalar fields:
“dilaton” and “moduli”) with gravitational-strength couplings. In most cases the couplings of these new fields violate
the EP. If the field is long-ranged, these EP violations lead to many observable consequences, such as the variation of
fundamental “constants”, the non-universality of free fall, and the relative drift of atomic clocks, amongst others. The
best experimental probe of a possible violation of the EP is to compare the free-fall acceleration of different materials.
Further tests of this principle remain important and relevant for the discovery of new physics, and do indeed strongly
restrict the parameters of the considered theory [44, 45]. However, it is important to note that, in this context, the
violations of the EP does not in principle rule out the specific theory. Moreover, it is important to note that up to now
all experimental/observational tests of the equivalence principle have been performed on Earth, or in the Earth-Moon
system, and they involve only weak gravitational fields.
Besides the major theoretical difficulties posed by present day cosmological observations, a primal problem in
physics is that of the unification of quantum mechanics and gravitation. The investigation of the early Universe as a
whole by using the methods and the theoretical framework of quantum mechanics is the topic of quantum cosmology
[46, 47]. Indeed, quantum cosmology is based on the fundamental idea that quantum mechanics must be able to
describe all microscopic physical processes, including the Universe itself in its earliest evolutionary phases. In fact,
the standard model of particle physics dictates that the gravitational force is difficult (or perhaps even impossible)
to unify with the other fundamental forces. This is a direct consequence of the fact that when trying to quantize
gravitation, we must include in the quantization procedure not only ordinary matter, but also space and time, as
quantum physical objects. In GR, space and time abide to specific dynamical laws that have their own excitations,
such as the gravitational waves that interact with each other. These physical aspects makes the quantization of the
gravitational field and of the Universe understood as a quantum system extremely nontrivial, due to the nonlinear
interactions between the quanta of the field. On the other hand, the formation of cosmic structures is governed by
the force of gravity, which is determined by the structure of the spacetime interaction. Hence quantum cosmology,
dealing with the description of the observed properties of the Universe, is closely correlated to quantum gravity, whose
object of study is the quantum theory of spacetime, and of the gravitational force [48].
Quantum cosmology has a long history [49–51], during which it has tried (and still tries) to overcome several difficult
conceptual problems. But it still remains today a speculative and controversial subject, and, even so, it continues
to attract a large attention. Various competing attempts have been proposed to quantize the gravitational field, for
instance canonical quantum gravity, loop quantum gravity, and string theory [46, 47, 49–53]. In the context of f(R)
gravity, quantum cosmology was discussed in [54, 55], and, in this review, we consider these issues within f(R, T )
gravity [30, 56].
D. Outline of article
This review article is dedicated to exploring a plethora of topics related to some of the theories mentioned above.
For outlining the essential basics and for a more detailed treatment, however, we refer the interested reader to [30].
The present paper is organized in the following manner:
Part II is dedicated to the hybrid metric-Palatini gravitational theory, where in Section I, we outline the general
7formalism and explore the Newtonian and post-Newtonian limits is some detail. In Section II, we investigate the
cosmological applications of the theory, ranging from FLRW cosmological models, Einstein’s static universe, to a
dynamical system analysis and cosmological perturbations. In Section III, we consider dark matter as a geometric
effect of modified gravity, in the context of the galactic rotation curves and the mass discrepancy in galaxy clusters.
In Section IV, we briefly analyze static and spherically symmetric compact astrophysical objects, and in Section V,
we refer to several research topics of the hybrid theory, such as thermodynamics, thick branes, screening mechanisms
and gravitational waves. Finally, in Section VI, we venture beyond the linear hybrid metric-Palatini gravitational
theory.
In Part III, we consider in detail modified theories of gravity involving specific curvature-matter couplings. In Section
VII, we present the action and the gravitational field equations of the linear nonminimal curvature-matter coupling,
the respective scalar-tensor representation and we further consider generalizations of the theory, by assuming a
maximal extension of the Hilbert-Einstein action. In Section VIII, we analyst in some detail an interesting extension of
curvature-matter couplings that has been given considerable attention recently, namely, f(R, T ) gravity, and consider a
specific cosmological application. In Section IX, we generalize the f(R, T ) theory, by considering an explicit first order
coupling between the matter energy-momentum Tµν and the Ricci tensor, and analyze several aspects of the theory,
such as the Dolgov-Kawasaki instability and a specific cosmological solution to illustrate the subtleties of the theory. In
Section X, we consider irreversible cosmological thermodynamical processes through a nonminimal curvature-matter
coupling, which seems to be a natural scenario where the matter creation corresponds to an irreversible energy flow
from the gravitational field to the created matter fluid. Section XI presents a brief introduction to the study of the
quantum cosmology of f(R, T ) gravity, and of some of its physical and theoretical implications.
Finally, in Part IV we conclude and build bridges for future work.
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Hybrid metric-Palatini gravity
I. GENERAL FORMALISM
The basic idea of the hybrid metric-Palatini gravity (HMPG) is to add to the usual Einstein-Hilbert action,
S[g] =
∫
(R/2κ+ Lm)
√−gd4x, where κ is the gravitational coupling constant, defined below, and Lm is the matter
Lagrangian density, a supplementary term, containing a Palatini type correction of the form f(R), where R is the
Palatini curvature. From a physical point of view such hybrid theories may be motivated by previous theoretical
results obtained in the context of the perturbative quantization methods, or in the framework of quantum geometries
(for a detailed discussion see [26], and references therein).
A. Action and field equations
The action of HMPG is constructed as the sum of two terms according to the prescription
S =
1
2κ2
∫
d4x
√−g [R+ f(R)] + Sm , (1)
where κ2 ≡ 8πG, R is the standard Ricci scalar, and R ≡ gµνRµν is the Palatini curvature, respectively. In the
following we use a system of units with c = 1. Rµν is defined with the help of an independent connection Γˆαµν in the
form
Rµν ≡ Γˆαµν,α − Γˆαµα,ν + ΓˆααλΓˆλµν − ΓˆαµλΓˆλαν . (2)
Moreover, Sm denotes the matter action. It is more advantageous from both theoretical and computational points
of view to transform the action (1) into the equivalent form of a scalar-tensor theory by introducing a new auxiliary
field A, which allows to write the action as
S =
1
2κ2
∫
d4x
√−g [R+ f(A) + fA(R−A)] + Sm , (3)
where fA ≡ df/dA. Now, by defining φ ≡ fA, V (φ) = AfA−f(A), the action (3) takes the mathematically equivalent
form
S =
1
2κ2
∫
d4x
√−g [R+ φR− V (φ)] + Sm . (4)
After varying the action with respect to the metric, the connection and the scalar φ, we obtain the full set of field
equations of the HMPG theory as
Rµν + φRµν − 1
2
(R+ φR− V ) gµν = κ2Tµν , (5)
R− Vφ = 0 , (6)
∇ˆα
(√−gφgµν) = 0 , (7)
respectively.
Equation (7) can be immediately solved, and it shows that the independent connection is nothing but the Levi-Civita
connection of the metric tµν = φgµν . This result implies the following relation between Rµν and Rµν ,
Rµν = Rµν + 3
2φ2
∂µφ∂νφ− 1
φ
(
∇µ∇νφ+ 1
2
gµνφ
)
. (8)
By using the above relation we can reformulate the action principle (4) in the form of the following scalar-tensor
theory,
S =
∫
d4x
√−g
2κ2
[
(1 + φ)R+
3
2φ
∂µφ∂
µφ− V (φ)
]
+ Sm. (9)
9This action is similar to the action of the w = −3/2 Brans-Dicke theory. But an important and subtle difference
appears in the coupling of the scalar field to the curvature, which in the w = −3/2 Brans-Dicke theory is of the form
φR [26]. By using the expression of Rµν and Eq. (6), Eq. (5) can be rewritten as
(1 + φ)Rµν = κ
2
(
Tµν − 1
2
gµνT
)
+
1
2
gµν (V +φ) +∇µ∇νφ− 3
2φ
∂µφ∂νφ . (10)
By contracting Eq. (5) with gµν and with the use of Eq. (6) we obtain the scalar equation
2V − φVφ = κ2T +R . (11)
Equation (11) has the important implication that φ is an algebraic function of the scalar X ≡ κ2T + R, that is,
φ = φ(X). Thus, from the physical and mathematical points of view, the HMPG theory can be interpreted as a higher
order derivative theory in both the metric and the matter fields. But an alternative interpretation, in which the field
equations do not contain higher-order derivatives terms, is also possible. To arrive at it we replace in Eq. (11) the
curvature scalar R, which is given by
R = R+ 3
φ
φ− 3
2φ2
∂µφ∂
µφ, (12)
and we also use the relation R = Vφ. Then for the scalar field we find the following second-order differential equation,
−φ+ 1
2φ
∂µφ∂
µφ+
φ[2V − (1 + φ)Vφ]
3
=
φκ2
3
T . (13)
The above equation shows that in HMPG the scalar field is dynamical. This represents an important and interesting
difference with respect to the standard Palatini case [23].
We can reformulate the field equations of HMPG in a form more closer to standard GR as
Gµν = κ
2
(
1
1 + φ
Tµν + T
(φ)
µν
)
, (14)
where Tµν is the ordinary matter energy-momentum tensor, and
T (φ)µν =
1
κ2
1
1 + φ
[
∇µ∇νφ− 3
2φ
∇µφ∇νφ+
(
3
4φ
∇λφ∇λφ−φ− 1
2
V
)
gµν
]
, (15)
is the energy-momentum tensor of the scalar field of the theory.
The well-formulation and the well-posedness of the Cauchy problem in HMPG was studied in [57]. By adopting
generalized harmonic coordinates, it was shown that the initial value problem can always be well-formulated and,
furthermore, can be well-posed, depending on the adopted matter sources.
Note at this moment that T
(φ)
µν can be represented in an effective form similar to the energy-momentum tensor of
an ordinary fluid
Tµν = (ρ+ p)uµuν + pgµν + qµuν + qνuµ + Sµν , (16)
where uµ is the four-velocity, defined in the standard way, ρ and p are the thermodynamic parameters of the fluid
(energy density and isotropic pressure), qµ is the heat flux, while Sµν is the tensor of the anisotropic dissipative
stresses. For the heat flux four-vector and for the anisotropic stress tensor we impose the standard conditions uµqµ = 0,
Sµµ = 0, and S
ν
µuν = 0, respectively, indicating that the heat flux and the anisotropic stresses are perpendicular to
the four-velocity. By introducing the projection tensor hµν = gµν + uµν , with the properties gµνh
µν = 3, hµνuν = 0,
and hµνu
µuν = 0, we can obtain the thermodynamic parameters of the fluid as ρ = uµuνTµν , p = − 13hµνTµν ,
qµ = u
αhβµTαβ, and Sµν = h
α
µh
β
νTαβ + phµν , respectively. Hence, by introducing the four-velocity of the scalar field
according to the definition
uµ(φ) =
∇µφ√∇αφ∇αφ
, (17)
satisfying the relation uµ(φ)u(φ)µ = −1, we obtain the effective energy density ρφ, pressure pφ, the heat flux and the
anisotropic stress tensor in the scalar field description of HMPG as
ρφ =
1
κ2(1 + φ)
{
1
2
∇µφ∇µ ln (∇αφ∇αφ) − 5
4φ
∇αφ∇αφ− 1
3
[2V (φ)− (1 + φ)V ′(φ)] + κ
2
3
φT − 1
2
V (φ)
}
, (18)
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pφ =
1
κ2(1 + φ)
{
−
√
∇αφ∇αφ Θ
3
− 1
4φ
∇αφ∇αφ+ 1
3
[2V (φ)− (1 + φ)V ′(φ)] − κ
2
3
φT +
1
2
V (φ)
}
, (19)
q(φ)µ =
1
κ2(1 + φ)
√
∇αφ∇αφ uα(φ)∇αuµ(φ), (20)
and
S(φ)µν =
1
κ2(1 + φ)
[√
∇αφ∇αφ
(
∇µuν(φ) − uα(φ)uµφ∇αuν(φ)
)
+
(
−
√
∇αφ∇αφ Θ
3
+
1
2φ
∇αφ∇αφ
)
hµν
]
, (21)
respectively, where by Θ = ∇αuα(φ) we have denoted the expansion of the fluid. The equivalent fluid type representation
of the energy-momentum tensor in HMPG is not of a perfect fluid form, since it contains “heat transfer” components,
together with an anisotropic dissipative constituent.
Hence, finally the energy-momentum tensor of the HMPG scalar field can be rewritten in a representation mathe-
matically equivalent to an ordinary dissipative matter fluid as
T (φ)µν = (ρφ + pφ)u
µ
(φ)u
ν
(φ) − pφgµν + q(φ)µuν(φ) + q(φ)νuµ(φ) + S(φ)µν . (22)
B. The Newtonian limit
One of the major drawbacks in the scalar-tensor representation of the f(R) theory is related to the difficulty of the
theory to pass the important, and fundamental, Solar System tests, which generally allow to strongly constrain the
physical parameters of any gravitational theory. In order to consider the classical tests of GR in HMPG one must
first consider the weak-field and slow-motion limits of the gravitational field equations (10), and of the generalized
Klein-Gordon equation (13). In order to do this we follow the standard approach, well known from GR, and we
introduce first a quasi-Minkowskian coordinate system, in which the metric can be represented as gµν ≈ ηµν + hµν ,
with |hµν | ≪ 1. Then we expand both the metric and the scalar field with respect to an appropriately chosen
background cosmological solution, which fully determines the asymptotic boundary expressions of the metric. In the
following, we denote the asymptotic value of φ by φ0, while the local perturbation is denoted as ϕ(x). Then, in the
first order of approximation Equation (13) takes the form
(~∇2 −m2ϕ)ϕ =
φ0κ
2
3
ρ , (23)
where we have introduced the effective mass m2ϕ of the scalar field, defined as
m2ϕ ≡ [2V − Vφ − φ(1 + φ)Vφφ]/3|φ=φ0 . (24)
The derivatives of ϕ with respect to time have also been neglected, under the assumption of the slow motion.
The metric perturbations hµν = gµν − ηµν can be obtained from the equation
− 1
2
~∇2hµν = 1
1 + φ0
(
Tµν − 1
2
Tηµν
)
+
V0 + ~∇2ϕ
2(1 + φ0)
ηµν . (25)
In the first order of approximation we are considering at this moment the components of the energy-momentum
tensor are given by T00 = ρ, Tij = 0, T = −ρ, where ρ is the ordinary matter density. We also define the mass of the
gravitating system as M =
∫
d3xρ(x). In spherical symmetry, an assumption valid at least approximately for most of
the astrophysical systems in slow motion, and far away from the matter sources, we obtain the solutions of Eqs. (23)
and (25) as
ϕ(r) =
2G
3
φ0M
r
e−mϕr, (26)
h
(2)
00 (r) =
2GeffM
r
+
V0
1 + φ0
r2
6
, (27)
h
(2)
ij (r) =
(
2γGeffM
r
− V0
1 + φ0
r2
6
)
δij , (28)
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where we have introduced the effective Newtonian gravitational constant Geff and the post-Newtonian parameter γ,
defined as
Geff ≡ G
1 + φ0
[
1− (φ0/3) e−mϕr
]
, (29)
γ ≡ 1 + (φ0/3) e
−mϕr
1− (φ0/3) e−mϕr . (30)
As one can be seen easily from Eqs. (29) and (30), the coupling of the scalar field to a local astrophysical system
depends on the magnitude of the background value φ0 of the scalar field. For a small φ0, it follows that Geff ≈ G and
γ ≈ 1. It is important to note at this moment that these results are independent on the value of the effective field
mass m2ϕ. If m
2
ϕ < 0, the exponential terms in the above expressions will become, due to its imaginary nature, some
rapidly oscillatory functions.
The previously obtained results are very different from the outcomes obtained in the metric version of f(R) gravity
theories [58, 59], for which
ϕ =
2G
3
(
M
r
)
e−mfr, Geff ≡ G
φ0
(
1 +
e−mfr
3
)
, (31)
and
γ ≡ (1− e
−mfr/3)
(1 + e−mfr/3)
, (32)
respectively. Hence in order for the Yukawa-type corrections to become insignificant at the level of the Solar System
in f(R) gravity theories a large mass m2f ≡ (φVφφ − Vφ)/3 of the scalar field is required, which is indeed not the case
in the HMPG theory.
C. The Post-Newtonian limit
The post-Newtonian limit of the HMPG theory was investigated in [60], and in the following we will summarize
the results of this study. The starting point of the approach used in [60] is the standard expansion of the scalar field
φ and of the metric tensor gµν according to the prescription
φ = φ0 + ϕ, gµν = ηµν + hµν , (33)
where φ0 is taken as the asymptotic background value of the scalar field far away from the ordinary matter sources,
ηµν denotes, as usual, the Minkowski metric, while hµν and ϕ are the small perturbations of the metric tensor, and of
the scalar field, respectively. Even though φ0 is generally a function of time φ = φ(t), in the considered investigation
φ0 was taken as a constant.
The post-Newtonian limits are obtained by evaluating the perturbations of the metric and of the scalar field,
respectively, to the orders h00 ∼ O(2) + O(4), h0j ∼ O(3), hij ∼ O(2) and ϕ ∼ O(2) + O(4). To achieve these goals
the scalar field potential V (φ) is expanded as follows [60]
V (φ) = V0 (φ0) + V
′ (φ0)ϕ+
V ′′ (φ0)ϕ
2
2!
+
V ′′′ (φ0)ϕ
3
3!
... (34)
For a point-mass gravitational system the energy-momentum tensor is defined in a standard way as [60]
T µν =
c√−g
∑
k
mk
uµuν
u0
δ3(r− rk), (35)
where mk, k = 1, 2, ..., n are the masses of the particles in the system, rk is the position vector of the k-th particle,
δ3(r− rk(t)) is the three-dimensional Dirac delta function, while the other quantities have their usual meanings. We
also denote by vk the three-dimensional velocity of the k-th particle.
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Note that the energy-momentum tensor and its trace have, in the post-Newtonian approximation, the following
components [60]
T00 = c
2
∑
k
mkδ
3(r− rk)
[
1− 3
2
h00 +
1
2
v2k
c2
− 1
2
h
]
, (36)
T0i = −c
∑
k
mkv
i
aδ
3(r− rk), (37)
Tij =
∑
k
mkv
i
av
j
aδ
3(r− rk), (38)
T = −c2
∑
k
mkδ
3(r− rk)
[
1− 1
2
h00 − 1
2
v2k
c2
− 1
2
h
]
. (39)
Moreover, the following gauge condition is also imposed on the perturbations hαβ ,
hαβ,α −
1
2
δαβh
µ
µ,α =
ϕ,β
1 + φ0
. (40)
In the leading perturbation order (O(2)) the generalized Klein-Gordon equation for the scalar field becomes [60]
(∇2 −m2ϕ)ϕ(2) = k2φ03c2 ∑
k
mkδ
3(r− rk), (41)
with the general solution for the second order perturbation of the gravitational field given by
ϕ(2) = − k
2φ0
12πc2
∑
k
mk
e−mϕrk
rk
, (42)
where we have also introduced the notation rk = |r− rk|.
On the other hand, the h
(2)
00 perturbation term satisfies the equation
∇2
(
h
(2)
00 −
ϕ(2)
1 + φ0
)
= − k
2
c2(1 + φ0)
∑
a
maδ
3(r− ra) + V0
1 + φ0
, (43)
and it is obtained as
h
(2)
00 =
k2
4π(1 + φ0)c2
M⊙
r
(
1− φ0
3
e−mϕr
)
+
V0
1 + φ0
r2
6
, (44)
where M⊙ is, as usual, the mass of the Sun. The h
(2)
ij -component of the metric tensor perturbation satisfies the
equation
∇2
(
h
(2)
ij + δij
ϕ(2)
1 + φ0
)
= −
(
k2
(1 + φ0)c2
∑
a
maδ
3(r− ra)− V0
1 + φ0
)
δij , (45)
and can be obtained as [60]
h
(2)
ij =
δijk
2
4π(1 + φ0)c2
M
r
(
1 +
φ0
3
e−mϕr
)
− δij V0
1 + φ0
r2
6
. (46)
We refer the reader to [60] for the fourth order corrections of the scalar field and of the metric.
Observational constraints on φ0 and on mφ can be obtained from the MESSENGER data that provides the values
of γ and β. By using the observational values γexp = 1−0.3×10−5±2.5×10−5 and βexp = 1+0.2×10−5±2.5×10−5
[61], and by considering that in the HMPG theory the scalar field is very light, one can obtain for φ0 the constraints
−8×10−5 < φ0 < 7×10−5 and −9×10−4 < φ0 < 9×10−4 [60]. Thus, these observational limits indicate that indeed
φ0 takes very small values, as assumed in the HMPG theory. It is important to mention that in this case the mass of
the scalar field remains arbitrary.
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Stronger constraints on the HMPG theory parameters can be obtained from the observational data from PSR
J0737-3039, which give the following limits for φ0 and mφ [62],
0.975 ≤ 1
(1 + φ0)
5/3
1− 5φ0
18
(
1− 2× 1026m2φ
)
 ≤ 1. (47)
The mixed binary system PSR J1738+0333 provides the following limits [62]
0.67 ≤ 1
(1 + φ0)
5/3
1− 5φ0
18
(
1− 3× 1027m2φ
)
 ≤ 1. (48)
From these two bounds combined we obtain the following important restrictions on φ and m2φ [62],
φ0 ≤ 0.00004, m2φ ≤ 1.4× 10−14 (cm−1). (49)
D. f(X) representation
The HMPG theory can also be directly formulated in terms of the scalar quantity X ≡ κ2T + R [28]. To obtain
this representation of the theory we begin with the D dimensional action of the HMPG, given by
S =
∫
dDx
√−g (R+ f(R) + 2κ2Lm) , (50)
where, as usual, Lm is the matter Lagrangian.
After solving the equation of motion for the connection, it follows that, as expected, it is compatible with the metric
F (R) 2D−2 gµν . In other words, it turns out that it is conformally related to the metric gµν , with the conformal factor
given by
F (R) ≡ df(R)
dR . (51)
Hence the D-dimensional Palatini Ricci tensor can be obtained as
Rµν = Rµν + D − 1
D − 2
1
F 2(R)F (R),µF (R),ν −
1
F (R)∇µF (R),ν −
1
(D − 2)
1
F (R)gµνF (R) . (52)
After varying the higher dimensional action (50) with respect to the metric, we find
Gµν + F (R)Rµν − 1
2
f(R)gµν = κ2Tµν , (53)
where we have defined the matter energy-momentum tensor in the standard way,
Tµν ≡ − 2√−g
δ(
√−gLm)
δ(gµν)
. (54)
Solving the trace of the field equation for R yields the higher dimensional scalar relation
D
2
f(R)− F (R)R = −κ2T +
(
D
2
− 1
)
R ≡ X . (55)
In the following we make the mathematical assumption that the above equation has a solution for the function
f(R). If this is indeed the case, it turns out that we can obtain R in terms of X . The scalar quantity X thus describes
the deviations of the HMPG theory from the general relativistic trace equation, given, for D = 4, by R = −κ2T .
Therefore we obtain the important result that the field equation (53) can be expressed in terms of the metric and X
as
Gµν =
1
2
f(X)gµν − F (X)Rµν + F ′(X)∇µX,ν + 1
D − 2
[
F ′(X)X + F ′′(X) (∂X)
2
)
gµν
+
[
F ′′(X)− D − 1
D − 2
(F ′(X))
2
F (X)
]
X,µX,ν + κ
2Tµν , (56)
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where (∂X)2 = X,µX
,µ, F (X) denotes F (R(X)), F ′(X) denotes F ′(X) = ∂F (R(X))/∂X etc.
Note that the presence of the second order derivatives acting on X makes the HMPG theory in the f(X) represen-
tation fourth order in the metric derivatives. The trace of the field equations can be obtained as
F ′(X)X +
[
F ′′(X)− 1
2
(F ′(X))
2
F (X)
]
(∂X)
2
+
D − 2
2(D − 1)
[
X +
D
2
f(X)− F (X)R
]
= 0 . (57)
The Ricci scalar R is related to the Palatini R by the equation
R(X) = R + D − 1
D − 2
[(
F ′(X)
F (X)
)2
− 2F (X)
F (X)
]
. (58)
Hence it follows that Eqs. (57) and (58) are redundant with respect to Eq. (55).
The four-dimensional case:
In four dimensions the action (50) takes the form given by (1). After varying with respect to the metric the action
given by Eq. (1) we obtain the following gravitational field equations of the HMPG theory in the f(X) representation
Gµν + F (R)Rµν − 1
2
f(R)gµν = κ2Tµν , (59)
where as usual the matter energy-momentum tensor is defined according to the prescription of Eq. (54). As we
have already pointed out, also in the four-dimensional case we have a compatibility relation between the independent
connection, and the metric F (R)gµν , which is conformal to gµν , with the conformal factor defined as F (R) ≡
df(R)/dR. Hence we obtain
Rµν = Rµν + 3
2
1
F 2(R)F (R),µF (R),ν −
1
F (R)∇µF (R),ν −
1
2
1
F (R)gµνF (R) . (60)
For the Palatini curvature, R, which can be obtained from the trace of the field equation (59), we find
F (R)R− 2f(R) = κ2T +R ≡ X . (61)
If the functional form of f(R) allows to obtain some analytic representations, we can express R in terms of X . As
already mentioned, the variable X has the important physical interpretation as describing the differences of the HMPG
theory with respect to the general relativistic trace equation R = −κ2T .
In the four-dimensional case the gravitational field equations (59) can be reformulated as
Gµν = κ
2T effµν , (62)
where
T effµν = T
X
µν + Tµν , (63)
with the effective energy-momentum tensor TXµν given by
TXµν =
1
κ2
{
1
2
f(X)gµν − F (X)Rµν + F ′(X)∇µX,ν + 1
2
[
F ′(X)X + F ′′(X) (∂X)
2
]
gµν
+
[
F ′′(X)− 3
2
(F ′(X))
2
F (X)
]
X,µX,ν
}
. (64)
For the trace of the field equations we find the expression
F ′(X)X +
[
F ′′(X)− 1
2
(F ′(X))
2
F (X)
]
(∂X)
2
+
1
3
[X + 2f(X)− F (X)R] = 0 . (65)
By contracting Eq. (60) we obtain the following relation between the metric Ricci scalar curvature R and the
Palatini scalar curvature R as
R(X) = R+ 3
2
[(
F ′(X)
F (X)
)2
− 2F (X)
F (X)
]
. (66)
The action given by Eq. (1) for the f(X) representation of the HMPG theory can be transformed into the equivalent
action of a scalar-tensor theory after introducing an auxiliary field A, which reduces it to the standard form of Eq. (3).
In the following, when discussing the different astrophysical and cosmological applications, we will concentrate mostly
on the scalar-tensor form of the HMPG theory.
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II. COSMOLOGICAL APPLICATIONS
In the present Section, we investigate the cosmological consequences of the HMPG theory. We will consider only
the case of an isotropic, homogeneous and spatially flat geometry, with the metric given by the Friedman-Lemaitre-
Robertson-Walker (FLRW) form,
ds2 = −dt2 + a2(t)dx2 , (67)
where a(t) is the time dependent only scale factor. We also introduce the Hubble function, an important cosmological
parameter, defined as a˙ ≡ da/dt, where a dot denotes the derivative with respect to the time.
A. The generalized Friedmann equations, and the deceleration parameter
For the FLRW metric the Ricci scalar is given by R = 6(2H2 + H˙). Hence, for the metric (67), Eq. (10) gives the
following cosmological evolution equations [26]
3H2 =
1
1 + φ
[
κ2ρ+
V
2
− 3φ˙
(
H +
φ˙
4φ
)]
, (68)
2H˙ =
1
1 + φ
[
−κ2(ρ+ P ) +Hφ˙+ 3
2
φ˙2
φ
− φ¨
]
. (69)
The above equations represent the two generalized Friedmann equations, describing the cosmological dynamics in
HMPG, with ρ and P denoting the baryonic matter energy-density, and thermodynamic pressure, respectively.
The generalized cosmological Klein-Gordon Eq. (13) takes the form
φ¨+ 3Hφ˙− φ˙
2
2φ
+
φ
3
[2V − (1 + φ)Vφ] = −φκ
2
3
(ρ− 3P ) , (70)
which can be reformulated as follows
φ¨+ 3Hφ˙− φ˙
2
2φ
+M2φ(T )φ = 0 , (71)
where T = −(ρ− 3P ) is the trace of the matter energy-momentum tensor, and M2φ(T ) is given by
M2φ(T ) ≡ m2φ −
1
3
κ2T =
1
3
[2V − (1 + φ)Vφ − κ2T ]. (72)
Equation (71) describes the evolution of a massive scalar field on an FLRW cosmological background, and as compared
to the Klein-Gordon equation of standard GR for massive scalar fields, it contains an extra term φ˙2/φ. This new term
makes a significant contribution to the evolution of the cosmological models in HMPG only when the scalar field is
changing rapidly.
For a vacuum Universe, the generalized Friedmann equations can be rewritten in the form
H2 =
κ2
3
ρeff , (73)
H˙ = −κ
2
2
(ρeff + peff) , (74)
where we have denoted
(1 + φ)κ2ρeff = − 3
4φ
φ˙2 + κ2V (φ)− 3Hφ˙, (75)
(1 + φ) κ2peff = − 3
4φ
φ˙2 − κ2V (φ) + 2Hφ˙+ φ¨. (76)
In the absence of matter the scalar field satisfies the generalized Klein-Gordon equation,
φ¨+ 3Hφ˙− 1
2φ
φ˙2 +
2κ2
3
φ [2V (φ)− (1 + φ) V ′ (φ)] = 0. (77)
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In order to describe the accelerating or decelerating nature of the cosmological expansion we introduce, as usual in
cosmology, the deceleration parameter, defined according to
q =
d
dt
1
H
− 1 = − H˙
H2
− 1 = 3
2
ρeff + peff
ρeff
− 1, (78)
where negative values of q correspond to an accelerated expansion.
From Eqs. (75) and (76) we can immediately find the relation
(1 + φ)κ2 (ρeff + peff) = − 3
2φ
φ˙2 −Hφ˙+ φ¨. (79)
Eliminating φ¨ with the help of the generalized Klein-Gordon (77), we obtain
(1 + φ) κ2 (ρeff + peff) = − 1
φ
φ˙2 − 4Hφ˙− 2κ
2
3
φ [2V (φ)− (1 + φ)V ′ (φ)] . (80)
Hence, in the vacuum the generalized Friedmann equations take the simpler form
3H2 =
1
1 + φ
[
− 3
4φ
φ˙2 − 3Hφ˙+ κ2V (φ)
]
, (81)
2H˙ =
1
1 + φ
[
1
φ
φ˙2 + 4Hφ˙+
2κ2
3
φ [2V (φ) − (1 + φ)V ′ (φ)]
]
. (82)
We can represent now the deceleration parameter q as a function of the field in the form
q = −3
2
{
φ˙2/φ+ 4Hφ˙+ 2κ2φ [2V (φ)− (1 + φ) V ′ (φ)] /3
−3φ˙2/4φ+ κ2V (φ)− 3Hφ˙
}
− 1 . (83)
Therefore it follows that based on the physical properties of the scalar field, and of its potential, a large number of
cosmological evolutionary scenarios can be constructed, generally giving both accelerated and decelerated evolutions.
In [63], the cosmological inflation in HMPG was explored by investigating the cosmic parameters such as the slow-roll
parameters, scalar-to-tensor ratio and spectral index.
B. Alternative form of the generalized Friedmann equations
The generalized cosmological Friedmann equations of the HMPG theory can be simplified if we introduce a new
independent variable x = ln a, so that dx/dt = a˙/a = H . Hence we obtain first
d
dt
=
d
dx
dx
dt
=
d
dx
a˙
a
= H
d
dx
, (84)
and
d2
dt2
= H˙
d
dx
+H
d2
dx2
dx
dt
= H˙
d
dx
+H2
d2
dx2
, (85)
respectively. In the new variables, the first modified Friedmann equation (81) takes the form
H2 =
κ2
3
[
V (φ)
1 + φ+ φ,x + φ2,x/4φ
]
. (86)
The second Friedmann equation (82) becomes
H˙
H2
=
1
2(1 + φ)
{
1
φ
φ2,x + 4φ,x +
2κ2
3
φ [2V (φ)− (1 + φ) V ′ (φ)]
H2
}
, (87)
while the deceleration parameter is given by
q = − 1
2(1 + φ)
{
1
φ
φ2,x + 4φ,x + 2
φ [2V (φ) − (1 + φ) V ′ (φ)] (1 + φ+ φ,x + φ2,x/4φ)
V (φ)
}
− 1. (88)
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The generalized Klein-Gordon equation (77) can be formulated as
φ,xx + 3φ,x − 1
2φ
φ2,x +
H˙
H2
φ,x +
2κ2
3
φ [2V (φ)− (1 + φ) V ′ (φ)]
H2
= 0. (89)
The mathematical as well as the physical condition for the existence of an accelerating cosmological phase can be
formulated as
V,x
V
<
[
2 (1 + φ) + φ2,x/φ+ 4φ,x
]
φ,x
2φ (1 + φ)
(
1 + φ+ φ,x + φ2,x/4φ
) + 2φ,x
1 + φ
, (90)
where we have used the mathematical relations dV/dφ = (dV/dx) (dx/dφ) = (dV/dx) (1/φ,x).
It is interesting to note that the generalized Klein-Gordon equation Eq. (89) can be expressed as a first order Abel
equation. To this effect, Eq. (89) can be rewritten as [26]
φ,xx + 3φ,x − 1
2φ
φ2,x +
1
2(1 + φ)
{
1
φ
φ2,x + 4φ,x + f(φ)
(
1 + φ+ φ,x + φ
2
,x/4φ
)}
φ,x
+f(φ)
(
1 + φ+ φ,x + φ
2
,x/4φ
)
= 0, (91)
where we have denoted U(φ) = V ′/V , and f (φ) = 2φ [2− (1 + φ)U(φ)].
After a few simple algebraic transformations Eq. (91) becomes
φ,xx +
3
2
(f + 2)φ,x +
3φ (f + 2) + f − 2
4φ (1 + φ)
φ2,x +
4 + f
8φ (1 + φ)
φ3,x + (1 + φ) f = 0. (92)
By introducing a new variable u = dφ/dx, by dividing the resulting equation by u3, and by denoting u = 1/v it turns
out that the generalized second order Klein-Gordon equation can be reduced to the mathematical form of a first order
Abel equation, given by
dv
dφ
− 3φ (f + 2) + f − 2
4φ (1 + φ)
v − 3
2
(f + 2)v2 − (1 + φ) fv3 − 4 + f
8φ (1 + φ)
= 0 . (93)
C. Specific FLRW cosmological models
In the HMPG theory, the cosmological expansion of the Universe essentially depends on the analytical form of the
scalar field potential V (φ). In the following, we will briefly introduce several cosmological solutions of the generalized
Friedmann equations in the HMPG theory.
1. de Sitter type solutions
A first example of a scalar field potential leading to interesting cosmological and astrophysical consequences is [26]
V (φ) = V0 + V1φ
2 . (94)
Then from Eq. (11) we obtain first the scalar relation R = −κ2T + 2V0. As T → 0 in the late Universe, this choice
of the potential generates a de Sitter type accelerating expansion of the Universe, with V0 ∼ Λ, where Λ is the
cosmological constant. If V1 > 0, then the de Sitter phase corresponds to the minimum of the HMPG scalar field
potential. The effective mass m2ϕ = 2(V0 − 2V1φ)/3 > 0, and it takes a very small value for φ < V0/V1. Moreover,
if V1 is enough large, the field amplitude can be made enough small, and thus it can satisfy all the important Solar
System tests.
Now, Eq. (68) can be rewritten as(
H +
φ˙
2(1 + φ)
)2
=
κ2ρ+ V/2
3(1 + φ)
− φ˙
2
4φ(1 + φ)2
. (95)
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We can find another class of cosmological solutions by imposing the constraint
H +
φ˙
2(1 + φ)
= H˜0 = constant, (96)
so that one immediately obtains
a(t) =
a0e
H˜0t
√
1 + φ
. (97)
In the limit ρ→ 0, from the generalized field equations and the condition ˙˜H0 = 0 one can show that(
H˜20 −
V
6
)2
= 9H˜20φ
[
V
6(1 + φ)
− H˜20
]
, (98)
giving for the scalar field potential the complicated expression
V (φ) =
3H˜20
(1 + φ)
[
2 + 11φ± 3φ
√
5− 4φ
]
. (99)
In this model the only free parameter is the amplitude H˜20 of the generalized Hubble parameter, which, in order to
satisfy the observational constraints, must have the same order of magnitude as the cosmological constant Λ. It is a
matter of further research to investigate the relevance of the potential (99) from the elementary particle physics point
of view.
2. Marginally accelerating solutions
We call marginally accelerating solutions of the Friedmann equations the cosmological solutions satisfying the
condition q = 0. From Eq. (83) it follows that in HMPG theory the scalar field corresponding to a marginally
accelerating solution must satisfy the equation [28]
φ˙2
2φ
+ 2Hφ˙+
2
3
κ2φ [3V (φ)− (1 + φ) V ′ (φ)] = 0. (100)
A simple marginally accelerating solution can be obtained by assuming that the scalar field potential satisfies the
condition
3V (φ)− (1 + φ) V ′ (φ) = 0, (101)
which immediately fixes the analytical form of the potential as
V (φ) = V0 (1 + φ)
3
, (102)
with V0 an arbitrary constant of integration. The scalar field and the Hubble function are given by φ = φ0/a
4, and
H = −φ˙/4φ. For the marginally accelerating case the general solutions of the Friedmann equations in HMPG theory
are given by [28]
φ (t) =
exp
[
−4κ
√
V0
3 (t− t0)
]
1− exp
[
−4κ
√
V0
3 (t− t0)
] , (103)
and
a(t) = a0
{
exp
[
4κ
√
V0
3
(t− t0)
]
− 1
}1/4
, (104)
respectively, where t0 is an arbitrary constant of integration. Marginally accelerating models are important in cos-
mology since all models that reach the value q = 0 of the deceleration parameter, expanding from phases with q > 0,
once they reach the marginally accelerating era, will necessarily enter into an accelerating cosmological regime, with
q < 0. Moreover, these solutions represent the important transition point between the period of structure formation
of the early Universe, and the dark energy dominated phase that occurred in the later evolutionary phases.
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3. Accelerating solutions of the field equations
a. Power-law accelerating models. A particular solution of the cosmological field equations of the HMPG theory
can be obtained by assuming that the deceleration parameter q = −H˙/H2 − 1 < 0 is a constant, q = q0 = constant
(during the de Sitter phase the deceleration parameter is q = −1). We may further assume that the scalar field
potential satisfies the simple condition
2V (φ)− (1 + φ) V ′ (φ) = 0, (105)
a condition that fixes the functional form of the potential as
V (φ) = V0 (1 + φ)
2 . (106)
Then it follows that the generalized Friedmann equations of the HMPG theory admit the solutions
H =
a˙
a
=
1
(1− q0) t , (107)
and
a(t) = a0t
1−q0 , (108)
respectively, describing a power-law accelerating phase, whose nature depends on the numerical value of q0.
b. The case f = 0, V (φ) = V0 (1 + φ)
2
. In the case f = 0, V (φ) = V0 (1 + φ)
2, and φ ≪ 1, the solutions of the
Abel equations (93) equivalent to the generalized Klein-Gordon equation can be approximated as
v = 1 +
C√
6φ
, u = φ,x =
√
6φ√
6φ+ C
. (109)
For small values of φ, φ ≪ 1, the potential can be approximated as V ≈ V0 = constant. The condition for
accelerating expansion becomes [
2 + φ2,x/φ+ 4φ,x
]
φ,x
2φ
(
1 + φ,x + φ2,x/4φ
) + 2φ,x > 0, (110)
and this condition is always satisfied, since if C > 0, then φ,x > 0. We also assume φ > 0.
c. Solutions parameterized by q. The generalized Friedmann equations take a very simple form if they are refor-
mulated in terms of the deceleration parameter q [28]. Hence Eqs. (81) and (82) can be rewritten in the following
transparent form
3H2 =
κ2
(1 + q)
[2V (φ)− φV ′ (φ)] , (111)
H˙ = −κ
2 (1− q)
3 (1 + q)
[2V (φ)− φV ′ (φ)] . (112)
In order to completely solve the problem, and to close the system of cosmological equations, the generalized Klein-
Gordon equation (77), must also be considered in the same variables. This representation in terms of the deceleration
parameter gives a powerful and extremely efficient method to obtain some solutions of the Friedmann equations.
In the case of the exponential expansion q = −1, H = H0 = constant, H˙ = 0, and a(t) = a0 exp [H0 (t− t0)],
respectively. For this case, Eq. (112) is automatically satisfied, while Eq. (111) gives for the potential the expression
V (φ) =
3
κ2
H20 +
V0
κ2
φ2, (113)
where V0 is an arbitrary constant of integration. The scalar field is obtained by solving the generalized Klein-Gordon
equation, and it is found as
φ (t) =
[
3H0
exp [H0 (t− t0)]±
√
3V0
]2
. (114)
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In order to obtain a nonsingular expression of the scalar field we must chose the positive sign in the above expression
of φ.
In the case of the accelerated expansion with a power law scale factor, q = q0 = constant and H(t) = 1/ (1− q0) t,
H˙ = − [1 (1− q0)] t−2, where q0 6= 1. The generalized Friedmann equations reduce to a single condition for the scalar
field potential, given by
2V (φ)− φV ′ (φ) = 3 (1 + q0)
(1− q0)2
1
t2
. (115)
Hence from the above differential equation we can determine the forms of the scalar field potential compatible with
accelerated power law expansion, with the scale factor given by a(t) = a0t
1−q0 .
D. Einstein’s static Universe
Einstein’s static Universe, representing the first cosmological solution of GR, has always attracted great interest,
despite its static nature. Moreover, the interesting possibility that the Universe began in an asymptotically Einstein
static state, followed by an inflationary expansion, has also been considered. The properties of the Einstein static
Universe in the HMPG theory were considered in [64].
The Einstein static Universe is characterized by a constant value of the scale factor a = a0 = const in the FLRW
metric, giving H = H˙ = 0, and R = 6K/a20, where K is a constant. In [64] it was assumed that the ordinary matter
satisfies the linear barotropic equation of state pm = wρm. Then the generalized Friedmann equations of the HMPG
theory take the very simple form
κ2ρeff =
3K
a20
, (116)
κ2
2
(ρeff + peff) =
K
a20
. (117)
The above equations lead immediately to the following constraint on the thermodynamic parameters of ordinary
matter,
ρeff + 3peff = 0 . (118)
Next, after assuming φ = φ0 = const, and by taking into account the definitions of the effective density and pressure,
the following relation between the potential and matter density is easily obtained,
κ2ρm(1 + 3w) = V (φ0) . (119)
In the HMPG theory’s Einstein static Universe the generalized Klein-Gordon equation (77) takes the simple form
6K
a20
= V ′(φ0) . (120)
Hence it follows that one can obtain the matter density ρm and the scale factor a0 of the Einstein Universe in terms
of φ0 and of the scalar field potential V . Now the generalized Friedmann equations give the following equation, from
which the value of the field φ0 can be obtained as
1 + φ0 =
V (φ0)
V ′(φ0)
3(1 + w)
(1 + 3w)
. (121)
Once the potential is given from cosmological or physical considerations, one can obtain φ0 explicitly. It is interesting
to point out that in the HMPG theory K = −1 is a physically acceptable parameter for Einstein’s static Universe.
If V ′(φ0) < 0, the constant scale factor a0 can be found from Eq. (120). The linear homogeneous perturbations of
Einstein’s Universe were also considered in [64], and it was explicitly shown that a large class of stable solutions does
exist.
21
E. Go¨del type solutions
Go¨del type solutions of the gravitational field equations in the HMPG theory have been obtained in [65], for a
metric of the form
ds2 = [dt+H(r)dφ]2 −D2(r)dφ2 − dr2 − dz2 , (122)
written in cylindrical coordinates, (r, φ, z). The necessary and sufficient conditions for the Go¨del-type metric to be
space-time homogeneous (ST-homogeneous) are given by (see [65] and references therein)
H ′
D
= 2ω and
D′′
D
= m2, (123)
where the prime denotes the derivative with respect to r, while the parameters (Ω,m) are constants satisfying the
conditions Ω2 > 0 and −∞ ≤ m2 ≤ ∞, respectively [65]. The general Go¨del-type solutions, whose matter source is a
combination of a scalar with an electromagnetic fields plus a perfect fluid, were also determined. This general solution
contains all previously known Go¨del type solutions as special cases. The important result of the existence of the
Go¨del-type solutions, found in [65], shows that the HMPG theory does not solve the fundamental causal inconsistency
that appears in the form of closed timelike curves in the spacetime geometry, which is also present in standard GR.
F. Dynamical system analysis
The cosmological equations describing the dynamics of a homogeneous and isotropic Universe in both general rela-
tivity and modified gravity theories are systems of ordinary strongly nonlinear differential equations. One important
and elegant method allowing their investigation is by formulating them as dynamical systems. This formulation per-
mits the use of powerful analytical and numerical tools to obtain a qualitative as well as quantitative comprehension
of the cosmological dynamics. In particular, using dynamical systems theory one can study the fixed points, Lyapunov
stability, centre manifold, linear stability, as well as the global structure of the cosmological solutions [66]. Moreover,
the stability conditions allow to tightly constrain and even rule out on purely theoretical grounds different models, as
well as a comparison with observational data.
The cosmology of the HMPG theory was studied by using methods from the theory of the qualitative analysis of the
dynamical systems in [67]. As a first step in this study, the propagation equations were formulated in terms of some
appropriately defined variables, forming an autonomous system. The independent cosmological variables adopted in
[67] are
X =
H
H
, Y =
R
6H2
, Z =
f
6H2
, Ω =
µ
3H2
, K =
k
a2H2
, (124)
and they must be considered together with the dimensionless time variable N = ln a.
In the f(X) representation of the HMPG theory, the cosmological equations can be formulated in terms of the
above variables as a dynamical system given by [67],
X,N =
1
2
X
[
2Z −X − 2F (K +X2)+ (1 + 3w)Ω] −K + Y ,
Y,N = Y
[
2(1 + Z)− 2F (K +X2)+ (1 + 3w)Ω + 2(X − 1)Q] ,
Z,N = Z
[
2(1 + Z)− 2F (K +X2)+ (1 + 3w)Ω]+ 2Y (X − 1)FQ ,
Ω,N = Ω
[
2Z − 2F (K +X2)+ (1 + 3w)(Ω− 1)] ,
K,N = K
[
2Z − 2F (K +X2)+ (1 + 3w)Ω] .
(125)
together with the constraint
K[1 + F ] +X2F − Y F − Ω + Z + 1 = 0 . (126)
Note that the quantities F = F (R) and Q(R) = F/(RF ′) are only functions of R. In order to close the above system
of equations, all geometrical and physical quantities have to be represented in terms of the variables introduced in
Eq. (124). Once the functional form of f is known, we can do this by taking into account that Z/Y is a function of
R only, that is, we have the relation
Z
Y
=
f(R)
R . (127)
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From the above relation and for Y 6= 0, we obtain R = R(Z/Y ). Therefore the dynamical system can be closed. By
using the constraint equation (126) we can easily eliminate the variable Ω. Hence, finally the independent equations
of the dynamical system describing the cosmological evolution in the HMPG theory are
X,N =
1
2
X
{F [(3w − 1) (K +X2)− (3w + 1)Y ]+ (1 + 3w)(K + 1) + 3(w + 1)Z − 2X}−K + Y ,
Y,N = Y
{F [(3w − 1) (K +X2)− (3w + 1)Y ]+ (1 + 3w)K + 3(w + 1)(Z + 1) + 2Q(X − 1) + 2} ,
Z,N = Z
{F [(3w − 1) (K +X2)− (3w + 1)Y ]+ (1 + 3w)K + 3(w + 1)(Z + 1) + 2}+ 2FQY (X − 1) ,
K,N = K
{F [(3w − 1) (K +X2)− (3w + 1)Y ]+ (1 + 3w)(K + 1) + 3(w + 1)Z} .
(128)
The fixed (critical) points of the above system of strongly nonlinear system of differential equations represent
exact cosmological solutions of the HMPG theory, corresponding to either power-law or de Sitter type cosmological
evolutions. In [67] two specific cases, corresponding to the choices of the function f as f = χRn, where χ and
n are constants, and f = αR/ (1 + βR), with α and β constants, were investigated in detail. For the first case
the important result was found that the cosmological evolution always possesses an attractor, corresponding to an
exponential, de Sitter type, expansion. For the second model, some interesting properties of the cosmological model
were found, together with some bounds on the model parameters. It also turns out that the critical points are not
global attractors for this cosmological model. The thought-provoking problem of the stability of the Einstein static
Universe, and of the bouncing solutions, was also investigated.
It is instructive to compare the dynamical system approach to HMPG cosmology with similar investigations in
other modified gravity theories. An investigation of the cosmology of f(R) gravity from the perspective of the
dynamical systems, in the absence of matter, was performed in [68]. By introducing the new variables x1 = − F˙ (R)F (R)H ,
x2 = − f(R)6F (R)H2 ,x3 = R6H2 , the dynamical system takes the form
dx1
dN
= −4− 3x1 + 2x3 − x1x3 + x21 , (129)
dx2
dN
= 8 +m− 4x3 + x2x1 − 2x2x3 + 4x2 ,
dx3
dN
= −8−m+ 8x3 − 2x23 ,
where the e-foldings number N was used instead of the cosmic time, d/dN = (1/H)d/dt, while the parameter m is
given by m = −H¨/H3. If the parameter m is a constant, the dynamical system is becomes autonomous, with all
explicit time dependence removed from it. Two cases were investigated, with the first leading to a stable de Sitter
attractor fixed point and to an unstable de Sitter fixed point, respectively, while the second is related to a matter
dominated era. A detailed numerical analysis of the dynamical system was performed, together with a detailed analysis
of the stability of all fixed points. The occurrence of future cosmological finite-time singularities in the dynamical
system corresponding to two cosmological theories, namely that of vacuum f(R) gravity and that of three fluids was
investigated in [69]. In the case of f(R) gravity a non-autonomous dynamical system was introduced. However, this
system is still attracted asymptotically to an accelerating attractor solution. In the case of the multifluid cosmology,
consisting of three fluids, the interacting dark matter and dark energy fluids, and the baryonic fluid, respectively,
by appropriately choosing the variables, one can obtain an autonomous polynomial dynamical system. By using a
dominant balance analysis, one can investigate the occurrence of finite-time singularities.
G. Cosmological perturbations
The important problem of the analysis of perturbations of the cosmological models in the HMPG theory was
considered in [26, 28] and [70], respectively. The full set of the perturbation equations was obtained in the Jordan
frame and in the Newtonian and synchronous gauges in [70]. The Poisson equation, giving the Newtonian limit of
the theory, was also derived, and the evolution of the gravitational lensing potential for a cosmological model having
a background evolution identical to ΛCDM was also considered.
In the following we briefly present the approach to the cosmological perturbations developed in [28]. For the sake
of generality, the action considered in our presentation is taken as
S =
1
2κ2
∫
d4x
√−g
[
(ΩA + φ)R +
3
2φ
(∂φ)2 − 2κ2V (φ)
]
+ Sm , (130)
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where
κ2V (φ) =
1
2
[r(φ)φ − f(r(φ))] , r(φ) ≡ f ′−1(φ) . (131)
and ΩA is an arbitrary (constant) parameter. The Newtonian gauge, in which the perturbations are considered, can
be parameterized by the two gravitational potentials Φ and Ψ, so that
ds2 = − (1 + 2Ψ)dt2 + a2(t) (1 + 2Φ) d~x2 . (132)
The full set of the perturbations equations is obtained as [28]
k2
a2
Φ+ 3
(
H − φ˙
2 (ΩA + φ)
)
Φ˙− 3
(
H2 +
Hφ˙
ΩA + φ
− φ˙
2
4φ (ΩA + φ)
)
Ψ
=
1
2ΩA + φ
[
κ2δρm +
(
3
4φ2
φ˙2 + V ′(φ)− 3H2 − k
2
a2
)
ϕ− 3
(
H +
φ˙
2φ
)
ϕ˙
]
, (133)
[
6
(
H2 + 2H˙
)
− 2k
2
a2
+
6
ΩA + φ
(
φ¨− φ˙
2
φ2
+Hφ˙
)]
Ψ+ 3
(
2H − φ˙
ΩA + φ
)(
Φ˙− Ψ˙
)
− 6Φ¨
=
1
ΩA + φ
[
κ2 (δρm + 3δpm) +
(
6H2 + 6H˙ + 3
φ¨
φ2
− 2V ′(φ) + k
2
a2
)
ϕ+ 3
(
H − 2φ˙
φ
)
ϕ˙+ 3ϕ¨
]
. (134)
−
(
H +
φ˙
2 (ΩA + φ)
)
Φ+ Φ˙ =
1
2 (ΩA + φ)
[
κ2 (ρm + pm) avm +
(
H +
3φ˙
2φ
)
ϕ+ ϕ˙
]
(135)
where we have denoted ϕ = δφ. To the above set of perturbations equations one must also add the off-diagonal spatial
part,
Ψ + Φ = − ϕ
ΩA + φ
. (136)
For the case of a perfect cosmological fluid, the continuity and Euler equations for the ordinary baryonic matter
components are
δ˙ + 3H
(
c2s − w
)
δ = − (1 + w)
(
3Φ˙− k
2
a
v
)
, (137)
v¨ +
(
1− 3c2a
)
Hv =
1
a
(
Ψ+
c2s
1 + w
δ
)
, (138)
respectively. In the HMPG theory the linearly perturbed component of the generalized Klein-Gordon equation is
given by [28]
ϕ¨+
(
3H +
1
φ
)
ϕ˙+
(
k2
a2
+
φ˙2
2φ2
− 2
3
V ′′(φ)
)
ϕ =
(
2φ¨+ 6Hφ˙− 3
2φ
φ˙2
)
Ψ+ φ˙
(
Ψ˙− 3Φ˙
)
− φ
3
δR .
1. Perturbations in the matter dominated cosmology
In the case of a matter-dominated Universe we have wm = c
2
s = 0, where cs denotes the speed of the sound.
Moreover, for the matter dominated epoch in the perturbation equations the spatial gradients are much bigger than
the time derivatives. Therefore, in this regime the perturbations of the matter density are more important than the
gravitational potentials. Hence, from the continuity and the Euler equation we immediately obtain
δ¨ = −2Hδ˙ − k
2
a2
Ψ . (139)
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After defining Π = a2ρmδm/k
2, we obtain the field equations and the generalized Klein-Gordon equation as
(ΩA + φ) Φ = Π− ϕ , (140)
(ΩA + φ) (Ψ + Φ) = −ϕ , (141)
−2 (ΩA + φ) Ψ = Π + ϕ , (142)
3ϕ = −2φ (Ψ + 2Φ) . (143)
Finally, one can obtain the perturbation equation of the baryonic matter density as
δ¨ + 2Hδ˙ = 4πGeffρmδ , (144)
with
Geff ≡
ΩA − 13φ
ΩA (ΩA + φ)
G . (145)
The above results indicate that in the HMPG theory there are no instabilities in the cosmological evolution of the
matter inhomogeneities, in contrast to the Palatini-f(R) type theories [28].
2. Perturbation propagations in the vacuum
Let’s consider next the vacuum case, with ρm = 0, and investigate the curvature perturbations in the uniform-field
gauge ζ, given by
ζ = Φ− H
φ˙
ϕ . (146)
The exact linear evolution equation for ζ can be obtained now as [28]
ζ¨ +
3H − 2 φ¨+ 2H˙ (ΩA + φ)− φ˙2ΩA+φ
φ˙+ 2H (ΩA + φ)
+
φ (ΩA + φ)
φ˙2
(
2φ¨φ˙
φ (ΩA + φ)
+
φ˙3 (ΩA + φ)
2
φ
1− φ3 (ΩA + φ)3
) ζ˙ = −k2
a2
ζ . (147)
From the above equation the important result follows that small scale perturbations propagate with the speed of light,
similarly to the canonical scalar field theory. Hence, it turns out again that there are no instabilities in the scalar
field perturbations.
H. Constraining the cosmological evolution
Two models of the HMPG theory were introduced in [71], corresponding to two particular choices of the function
f(R). The first adopted form is the exponential form f(R) = Λ∗
(
1 + e−R/Rs
)
, where Λ∗ and Rs are the model
parameters. The second choice is given by f(R) = Λ∗
(
1 +R2/R2s
)
. In both cases the background cosmological
evolution was investigated, and it was shown that in the HMPG theory standard general relativity in the presence of
a cosmological constant is recovered in the large time limit. The main reason behind this behavior is the evolution
of the Palatini Ricci scalar towards the minimum of the effective scalar field potential. By using a combination of
cosmological background data obtained from the observations of the Cosmic Microwave Background, of supernovae
and of baryonic acoustic oscillations, the free parameters of the considered models were constrained. It turns out that
for both HMPG models the maximum departure from the present day value of the gravitational constant G is of the
order of 1%.
The cosmological evolution of a specific HMPG model, with f(R) ∝ R2 was investigated in [72]. In order to obtain
some observational constraints on the free parameters of the model, and to test its viability, the conditions imposed
by the Supernovae Ia and Baryonic Acoustic Oscillations data were analyzed. The results were compared with the
local constraints from Solar System tests. For the present day background value of the scalar field one obtains the
constraint −3.4 × 10−5 < φ0 < 3.4 × 10−5, while the mass of the scalar field must have the value of the order of
mφ = 1− 3H0 at the present cosmological time. This leads to a very small field mass of the scalar field, and mφr ≪ 1
at the local scales, like the Earth or the Solar System. Hence, if the constraint on φ0 is satisfied, one could successfully
avoid corrections on the gravitational constant and on the parameter γ. On the other hand, the present day value of
the scalar field φ0 can be set as small as required by the theoretical of observational constraints. Moreover, for the
considered redshift range 0 < z < 1, the evolution of the scalar field can be restricted to small values, in order to
satisfy both the cosmological and the local requirement.
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III. GALACTIC AND EXTRAGALACTIC DYNAMICS
The unsolved problem of the dark matter still continues to represent one of the biggest mysteries in present day
science [30, 73–75]. Indeed, two important observations, namely, the behavior of the galactic rotation curves, and
the mass discrepancy in clusters of galaxies, suggest the necessity of considering the existence of a special form of
matter, called dark matter, mostly residing at galactic and extra-galactic scales. Physically dark matter exists in
the form of a zero pressure (dust) gas of particles. The determination of the cosmological matter composition of the
Universe from many cosmological observations also indicates the presence of a hypothetical dark matter component,
fully determining, together with the dark energy, the cosmological dynamics.
A. Galactic rotation curves
One of the most important astrophysical observations backing the existence of dark matter is related to the behavior
of the galactic rotation curves, which shows the unexpected existence of a constant velocity region, situated far away
from the luminous galactic baryonic matter distribution. However, it is also possible to explain the strange behavior
of the rotation curves by assuming that the nature of the gravitational force itself alters at galactic and extragalactic
scales. Hence at scales much larger than that of the Solar System a new theory of gravity may be necessary to
describe the observational phenomena related to the gravitational interactions. The possibility that the behavior of
the rotation curves of massive test particles (hydrogen clouds) gravitating in circular orbits around galactic structures
can be explained within the framework of the HMPG theory was investigated in [76].
As a starting point in this analysis it was assumed that the metric outside the galactic baryonic mass distribution
is static and spherically symmetric, given by
ds2 = −eν(r)c2dt2 + eλ(r)dr2 + r2 (dθ2 + sin2 θdφ2) , (148)
with the metric tensor components ν(r) and λ(r) assumed to be functions of the radial coordinate r only. The
three-dimensional velocity of a particle with nonzero mass is generally given by the expression
v2(r) = e−ν
[
eλ
(
dr
dt
)2
+ r2
(
dΩ
dt
)2]
, (149)
where dΩ2 = dθ2+sin2 θdφ2. For a stable circular orbit dr/dt = 0, and the tangential velocity is immediately obtained
as
v2tg(r) = e
−νr2
(
dΩ
dt
)2
= e−νr2
(
dΩ
ds
)2(
ds
dt
2)
. (150)
Along the galactic plane with θ = π/2, the angular velocity is given by
v2tg(r)
c2
=
rν′
2
. (151)
Hence, in order to obtain the tangential velocity of a particle orbiting in the galactic plane we need to find the
metric tensor component ν. In the weak field approximation the static spherically symmetric field equations of the
HMPG theory reduce to [76]
1
r2
d
dr
(rλ) = αϕ+ β = ρ(eff), (152)
−ν
′
r
+
λ
r2
= ϕ′′ + αϕ+ β = −p(eff)r , (153)
−1
2
(
ν′′ +
ν′ − λ′
r
)
= αϕ+ β = −p(eff)⊥ , (154)
where α and β are defined according to
α =
1
r2ϕ
− 1
2
V ′ (φ0) , β = −1
2
V (φ0) , (155)
while ϕ is related to the scalar field φ by φ = φ0 + ϕ.
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The field equations can be solved to give for the tangential velocity the expression [76]
v2tg
c2
=
V0
6
r2 +
GMB
c2r
{
1 +
2φ0
3
e
GMB/c
2
−r
rϕ
[(
1 +
r
rϕ
)
(2 + αr2ϕ) +
r2
r2ϕ
(1 + αr2ϕ)
]}
, (156)
where rφ = 1/mφ, and MB is the mass of the baryonic matter in the galaxy. In the HMPG theory we can also
introduce formally an equivalent “dark matter” mass profile MDM (r), associated to the tangential velocity profile,
and which can be defined as
2GMDM (r)
c2
=
∫ r
RB
(αϕ+ β) r2dr. (157)
Thus, the metric tensor component λ(r) can be obtained as
λ(r) =
2GMDM (r)
r
. (158)
We can also obtain the effective “dark matter” density profile ρDM as given by the relation
ρDM (r) =
1
4πr2
dMDM (r)
dr
=
c2
2G
(αϕ+ β) . (159)
The above results show that the galactic rotation curves and the baryonic mass deficit in galaxies can be naturally
explained in the HMPG theory. First of all, The extra-terms that appear in the gravitational field equations, due to
the presence in the gravitational action of the Palatini Ricci scalar, influence, through the metric tensor, the equations
of the particles, moving in the galactic plane. Secondly, the theory also induces a supplementary gravitational type
universal interaction, which can explain the observational data related to the unusual behavior of the galactic rotation
curves. The scalar field also contributes with an effective energy density and mass to the total mass balance of the
galaxy, and this effective supplementary and nonbaryonic mass, of gravitational (geometric) origin, can be interpreted
physically as representing the effective mass of the ”dark matter” in the galactic halo [76].
B. Clusters of galaxies
A second fundamental astrophysical phenomena that strongly points towards the existence of dark matter is related
to the well known mass inconsistency in galaxy clusters, large scale astrophysical systems bounded by gravity, and
which consists from a few hundred to thousands of galaxies. There are two basic methods for the determination of
the total gravitational mass of a cluster of galaxies. Firstly, one can compute an estimate of the mass MV of the
cluster with the use of the virial theorem, and by using the observational data related to the dynamical evolutions
of the galaxies in the cluster, giving their kinetic energy. On the other hand, in a second method, the total baryonic
mass MB of the cluster can be determined through the simple algebraic addition of the masses of the individual
galaxies of the cluster. The mass inconsistency problem for the clusters of galaxies appears because many high quality
astrophysical observations show that MV is always much greater than MB, so that MV /MB ∼ 20− 30.
The properties of the clusters of galaxies in the HMPG theory were investigated in [77], under the basic assumption
that dark matter is just a modification of the gravitational force at extragalactic scales. The starting point in the
analysis of the properties of the clusters of galaxies in the HMPG theory is the fundamental Boltzmann equation of
kinetic physics in an arbitrary Riemann geometry for the galactic distribution function fB,(
pα
∂
∂xα
− pαpβΓiαβ
∂
∂pi
)
fB = 0, (160)
where Γiαβ are the Christoffel symbols associated to the metric, while p
α is the four-momentum of the particle (the
galaxy, in the present investigation). In the case of a static spherically symmetric geometry, with a metric given by
Eq. (148), the Boltzmann equation takes the general form
r
∂
∂r
[
ρ
〈
u21
〉]
+
1
2
ρ
[〈
u20
〉
+
〈
u21
〉]
r
∂ν
∂r
− ρ [〈u22〉+ 〈u23〉− 2 〈u21〉] = 0, (161)
where ρ is the mass density of the ordinary matter in the cluster, while
〈
u2i
〉
, i = 0, 1, 2, 3 denotes the averages of the
four-velocities of the galaxies.
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After multiplying the above equation by 4πr2, and integrating over the cluster we obtain the important relation∫ R
0
4πρ
[〈
u21
〉
+
〈
u22
〉
+
〈
u23
〉]
r2dr − 1
2
∫ R
0
4πr3ρ
[〈
u20
〉
+
〈
u21
〉] ∂ν
∂r
dr = 0. (162)
In the limit of small velocities 〈u21〉 ≈ 〈u22〉 ≈ 〈u23〉 ≪ 〈u20〉 ≈ 1, and the gravitational field equations of HMPG reduce
to
1
2r2
∂
∂r
(
r2
∂ν
∂r
)
= 4πGρ+ 4πGρ
(eff)
φ , (163)
where
4πGρ
(eff)
φ ≃ V (φ) +
(
2∇t∇t +
)
φ− 3
φ
∇tφ∇tφ, (164)
represents the effective energy of the scalar field. Equation (162) becomes
2K − 1
2
∫ R
0
4πr3ρ
∂ν
∂r
dr = 0, (165)
where by
K =
∫ R
0
2πρ
[〈
u21
〉
+
〈
u22
〉
+
〈
u23
〉]
r2dr, (166)
we have denoted the total kinetic energy of the galaxies in the cluster.
In the following we introduce the total baryonic mass of the clusterMB, defined asMB =
∫ R
0 dM(r) =
∫ R
0 4πρr
2dr,
the geometric mass of the cluster M
(eff)
φ (r) = 4π
∫ r
0
ρ
(eff)
φ (r
′)r′2dr′, as well as the baryonic ΩB and the geometric
Ω
(eff)
φ potential energies of the cluster, defined as
ΩB =−
∫ R
0
GMB(r)
r dMB(r), Ω
(eff)
φ =
∫ R
0
GM
(eff)
φ (r)
r dMB(r), (167)
where R is the cluster radius. We also define the radii RV and Rφ as
RV =M
2
B
/∫ R
0
MB(r)
r
dMB(r), R
(eff)
φ =
[
M
(eff)
φ
]2/∫ R
0
M
(eff)
φ (r)
r
dMB(r). (168)
All these quantities are related through the virial theorem, which follows immediately from Eq. (162), and which
can be formulated as
2K +ΩB − Ω(eff)φ = 0. (169)
The baryonic potential energy ΩB and the geometric potential energy Ω
(eff)
φ can also be represented in the mathe-
matically equivalent form
ΩB = −GM
2
B
RV
, Ω
(eff)
φ =
G
[
M
(eff)
φ
]2
R
(eff)
φ
. (170)
By defining the virial mass MV of the cluster of galaxies as 2K = GMBMV /RV , we obtain the following relation
between the virial and the baryonic masses of the cluster of galaxies,
MV
MB
= 1 +
[
M
(eff)
φ
]2
RV
M2BR
(eff)
φ
, (171)
a relation which for MV /MB > 3, can be approximated very well as
MV ≈
[
M
(eff)
φ
]2
MB
RV
R
(eff)
φ
. (172)
Thus, due to the presence of the scalar field of the HMPG theory, and of the effective energy associated to it, one
can convincingly explain the observed mass inconsistency in the clusters of galaxies [77]. The geometric quantities
introduced in the theoretical analysis of the cluster dynamics can also be determined effectively from observations at
the level of galaxy clusters, by using the astrophysical properties of the clusters, including the high precision data on
the gas temperature and the core radius.
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IV. STELLAR TYPE OBJECTS, BLACK HOLES AND WORMHOLES
As compared to Newtonian gravity, GR has a deep impact on the structure and properties of high density compact
astrophysical objects, such as, for example, neutron stars. In particular, it predicts a maximum mass of stars consisting
of baryonic matter, of the order of 3− 3.5M⊙, and the existence of strange objects, characterized by the existence of
a membrane type event horizon, called black holes. Exotic objects called wormholes, which may allow time travel,
could also exist, and they are consistent with the mathematical structure of GR. It is an interesting topic of research
to consider the impact of the modifications to the gravitational dynamics that appear in HMPG on the properties of
stars, black holes, and wormholes.
For a static and spherically symmetric geometry, with the metric given by Eq. (148), the Einstein gravitational
field equations in HMPG take the form [77]
κ2ρ(r)c2 =
1
r2
[
1− e−λ (1− rλ′)] (1 + φ)− e−λ [φ′′ − 3φ′2
4φ
]
+
φ′
2r
e−λ (rλ′ − 4)− V
2
, (173)
κ2pr(r) =
[
1
r2
(e−λ − 1) + ν
′
r
e−λ
]
(1 + φ) + φ′
(
ν′
2
+
2
r
+
3φ′
4φ
)
e−λ +
V
2
, (174)
κ2pt(r) =
[(
ν′′
2
+
(
ν′
2
)2
+
ν′
2r
)
e−λ − 1
2
λ′e−λ
r
(
1 + r
ν′
2
)]
(1 + φ)
+
[
φ′′ +
φ′ν′
2
+
3φ′2
4φ
]
e−λ +
φ′
r
e−λ
(
1− rλ
′
2
)
+
V
2
, (175)
where a prime denotes the derivative with respect to the radial coordinate r, and ρ, pr and pt denote the matter energy
density, and the radial and transversal pressures, respectively. The generalized Klein-Gordon equation describing the
scalar field variation inside the compact object is given by
−
[
φ′′ +
φ′ν′
2
− φ
′2
2φ
+
2φ′
r
]
e−λ +
φ′λ′
2
e−λ +
φ
3
[2V − (1 + φ)Vφ] = φκ
2
3
T , (176)
while the conservation of the matter energy-momentum tensor gives the following relation between the thermodynamic
quantities appearing in the energy-momentum tensor, and the metric tensor component ν,
ν′ = − 2p
′
r
ρc2 + pr
+
2 (pt − pr)
r
. (177)
The above system of structure equations describing the properties of compact objects in HMPG theory can be
reformulated in a form somehow similar to standard GR by introducing the effective mass meff(r) of the compact
object that allows to represent the metric tensor coefficient e−λ as
e−λ = 1− 2G0meff(r)
c2r
. (178)
Then the effective mass satisfies the mass continuity equation
dmeff
dr
= 4πρeffr
2, (179)
where ρeff is the effective density of the star, defined as
ρeff = − rf(Φ) + 3Φ
′/2
4πr2 [1 + Φ′r/2]
meff +
1
κ2c2 [1 + Φ′r/2]
[
2
Φ′
r
+
U (Φ)
2
+ f(Φ) + κ2ρc2
]
. (180)
The generalized Tolman-Oppenheimer-Volkoff equation is obtained in the HMPG theory as
dp
dr
= −
(
ρc2 + p
) {(
κ2pe−Φ − U/2) r2 − (1− 2G0meff/c2r) {1 + r [2 + rh(Φ)] Φ′}+ 1}
r (1− 2G0meff/c2r) (2 + Φ′r) . (181)
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EOS MGRmax/M⊙ M
HMP
max /M⊙
MIT Bag Model 2.025 4.359
Stiff fluid 3.279 3.968
Radiation fluid 2.256 3.660
BEC 2.230 4.971
TABLE I. Maximum masses of stellar objects in GR and HMPG.
The metric tensor coefficient ν′ can be determined from the equation
ν′ =
(
κ2pe−Φ − U/2) r2 − (1− 2G0meff/c2r) {1 + r [2 + rh(Φ)] Φ′}+ 1
r (1− 2G0meff/c2r) (1 + Φ′r/2) , (182)
where we have defined
h(Φ) =
3eΦΦ′
4 (eΦ − 1) . (183)
Finally, the generalized Klein-Gordon equation becomes
−Φ′′ + 1
2
2− eΦ
eΦ − 1Φ
′2 − Φ′
[
− p
′
ρc2 + p
+
2
r
− G0
c2
4πρeffr
3 −meff
r2 (1− 2G0meff/c2r)
]
+
eΦ − 1
3 (1− 2G0meff/c2r)
[
U (Φ)− dU (Φ)
dΦ
− κ2effT
]
= 0. (184)
In the case of stellar type objects the system of equations (179), (181) and (176) must be closed by specifying the
equation of state for the matter (baryonic or of other type) inside the star, p = p(ρ), and by imposing the boundary
conditions meff(0) = 0, ρ(0) = ρc, Φ(0) = Φ0, Φ
′(0) = Φ′0(0), and p(R) = 0, respectively, where ρc denotes the central
density, with R being the radius of the star.
1. Stars and black holes
a. Stellar properties in HMPG. The structure and properties of the stellar type objects in HMPG were studied
in [78]. For the equations of state of the dense matter several cases were considered, corresponding to the stiff fluid,
radiation-like fluid, MIT quark bag model, and to the Bose-Einstein Condensate (BEC) superfluid, respectively. The
gravitational field equations were solved numerically, and the stellar models were studied in both GR and HMPG,
respectively. An in-depth comparison between the predictions of these two gravitational theories was also performed.
As a general result obtained from the investigation of the stellar properties it follows that for all the equations of state
mentioned above, HMPG stars are, as expected, more massive than their general relativistic counterparts, with the
mass of the stable stellar type configurations showing a significant increase of the gravitational mass. A comparison
of the maximum masses of compact stellar type objects in GR and HMPG is presented in Table I [78]. The much
higher masses of the stellar objects in HMPG may suggest the possibility that the so-called stellar mass black holes,
massive objects with masses in the range of 3.8M⊙ and 6M⊙, may be in fact HMPG stars [78].
Recently, several massive neutron stars have been observed, and their masses measured, which are given by 2.01±0 :
04M⊙ [79], 2.27 ± 0.17M⊙ [80], and 2.14+0.20−0.18M⊙ [81], all consistent with a mass range of around 2.10M⊙. These
masses, as well as possible higher masses can be easily explained in the framework of HMPG gravity, without resorting
to exotic equations of state, but considering only the effects of the modified gravity on the stellar structure. Hence
supermassive stellar models can be constructed without the need of introducing physics beyond the Standard Model
of particle physics.
Similar results can be obtained in the framework of the f(R) gravity theory. In [82] the stellar structure was
investigated, for four different equations of state, for two distinct models, with the Lagrangians given by f(R) =
R + αR2 (1 + γR), and f(R) ∼ R1+ǫ, respectively. It was found that generally the weight of the gravitational
corrections to the Lagrangian reshapes the structure of the neutron stars, due to the supplementary curvature pressure-
density terms present in the structure equations of the star. The case of the R1+ǫ is particularly interesting, with
different values of the parameter ǫ allowing the formation of larger stable stellar structures, in terms of both mass
and radius. Extreme objects with masses as high as 3.1M⊙ are also possible. Hence modified gravity theories may
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offer the possibility of explaining the higher observed masses of neutron stars without any need for exotic equations
of state, or new non-gravitational physics.
b. Black holes. Black hole solutions in HMPG were obtained numerically in [83]. From a numerical and math-
ematical point of view it is more advantageous to reformulate the field equations in a dimensionless form, and to
introduce as an independent coordinate the quantity ξ = 1/r. The formation of a black hole in the HMPG theory is
indicated by the presence of a Killing horizon for the time-like Killing vector in the metric tensor components. Several
black hole models can be obtained, corresponding to different functional forms of the scalar field potential, which has
a strong influence on the black hole properties. The location of the event horizon of the black holes is significantly
different in HMPG as compared to GR, with deviations as high as 25% in the value of the Schwarzschild radius. The
thermodynamic properties of the HMPG black holes (horizon temperature, specific heat, entropy and evaporation time
due to Hawking luminosity) also show important variations when compared to their general relativistic counterparts.
An in depth investigation of the vacuum solutions in HMPG was performed in [84, 85], where it was pointed
out that a scalar-tensor theory of the HMPG type is identical with GR with a phantom conformally coupled scalar
field representing the source of gravity. As a general result it was shown that asymptotically flat solutions of the
field equations in HMPG theory either contain naked central singularities, or they describe traversable wormholes.
Moreover, it was shown that a special two-parameter family of globally regular black hole solutions with extremal
horizons does in fact exist in this type of theories. Another interesting class of solutions found in [84] is represented
by a one-parameter family of solutions, containing an infinite number of extremal horizons located between static
regions, and a spherical radius. It is important to note that the spherical radius monotonically changes from region
to region. An important and interesting property of the black hole and wormhole type solutions obtained in [84] is
that they are unstable under monopole perturbations. Moreover, a scalar-tensor theory with V (φ) ≡ 0, and which
contains at least one nontrivial (φ = constant vacuum solution with R = 0, always reduces to a theory containing a
conformal scalar field.
2. Wormhole solutions
Wormhole solutions in modified theories of gravity are particularly interesting, as in GR these exotic geometries
violate the energy conditions [86–89]. Now, it was shown in modified gravity that one may impose that the matter
threading the wormhole satisfies the energy conditions, so that it is the effective energy-momentum tensor containing
higher order curvature derivatives that is responsible for the null energy condition violation [90]. Thus, the higher order
curvature terms, interpreted as a gravitational fluid, sustain these non-standard wormhole geometries, fundamentally
different from their counterparts in GR [89–101].
The possibility of the existence of wormhole solutions in HMPG theory was investigated in [102], where the general
conditions for wormhole formation, according to the null energy conditions at the throat were presented. Specific
examples were also investigated in detail. In the first one the redshift function, the scalar field and the scalar
field potential that simplifies the modified Klein-Gordon equation were indicated. The obtained solution is not
asymptotically flat, and must be matched to an external vacuum solution. In the second case one can obtain an
asymptotically flat geometry, by specifying the metric functions and the scalar field. We refer the reader to [102] for
more details.
V. THERMODYNAMICS, BRANES, SCREENING, GRAVITATIONAL WAVES, STRINGS, AND
FURTHER WORK
The first law and the generalized second law of thermodynamics on the dynamically apparent horizon of a black
hole in HMPG theory was investigated in [103]. The validity of the generalized second law of thermodynamics in a
universe bounded by the cosmological event horizon and filled with a perfect fluid was also discussed.
The tensor perturbation of thick branes in HMPG were analyzed in [104]. Two models were considered in great
detail, including the cases of thick branes constructed by a background scalar field, and thick branes constructed by
pure gravity. Note that in both models the thick branes have no inner structure. But when the parameter of the first
model becomes larger than its critical value, it turns out that the graviton zero mode has inner structure. It was also
found that on the brane the effective four-dimensional gravity can be effectively reproduced for both cases. Moreover,
both thick brane systems are stable against the tensor perturbations.
The efficiency of screening mechanisms in HMPG was explored in [105]. The value of the gravitational field was
computed around spherical bodies embedded in a material background of constant energy and matter density. A
thin shell condition depending on the background field value was derived. To find out the astrophysical relevance of
the thin shell effect its behavior in the neighborhood of different astrophysical objects (planets, moons or stars) was
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analyzed, and it was found that the condition is well satisfied with the exception of some distinctive objects. Bounds
on the model were established using data from Solar System experiments, including the spectral deviation measured
by the Cassini mission, and the stability of the Earth-Moon system. The obtained bounds fix the important range of
viable hybrid gravity models.
The equations describing the propagation of the gravitational wave in HMPG were presented in [106]. The solution
of the propagation equations was also obtained, and the polarization states were fully determined. The obtained
results on the gravitational polarized modes were compared with the existing results in the original approaches of the
hybrid combination. It was found that the difference in the results is due to the coupling of the Ricci scalar with the
trace of the matter energy momentum tensor.
Static and cylindrically symmetric interior string-type solutions in the scalar-tensor representation of the HMPG
theory of gravity were obtained in [107]. The gravitational field equations were significantly simplified through the
imposition of the Lorentz invariance condition along the t and z axes. Interestingly enough, the general solution of
the field equations can be obtained, for an arbitrary form of the scalar field potential, in an exact closed parametric
form, with the scalar field φ taken as a parameter. Several exact classes of solutions of the field equations were
presented, and investigated in detail, corresponding to a constant potential, and to a power-law potential of the form
V (φ) = V0φ
3/4. String models with exponential and Higgs-type scalar field potentials were also investigated by using
numerical methods. Hence a large class of novel stable stringlike solutions in the of HMPG gravity can be constructed,
in which the basic parameters, such as the string tension, the metric tensor components as well as the scalar field
depend substantially on the initial values of the scalar field, and of its derivative, on the r = 0 circular axis of the
string.
Furthermore, it is important to mention that symmetries play a crucial role in physics and, in particular, the Noether
symmetries are a useful tool both to select models motivated at a fundamental level, and to find exact solutions for
specific Lagrangians. In [108], the application of point symmetries was considered in the HMPG theory in order to
select the f(R) functional form, and to find analytical solutions of the field equations, and for the related Wheeler-
DeWitt (WDW) equation. It was shown that, in order to find out integrable f(R) models, conformal transformations
in the Lagrangians are extremely useful. In this context, specific conformal transformations were analyzed, and it
was shown that it is possible to transform the field equations by using normal coordinates to simplify the dynamical
system, and to obtain exact solutions. Furthermore, the WDW equation was derived for the minisuperspace model,
and the Lie point symmetries for the WDW equation were determined, and used to find invariant solutions.
VI. BEYOND THE STANDARD LINEAR HYBRID METRIC-PALATINI THEORY
A generalization of the HMPG theory was introduced in [109]. We call this theory Generalized Hybrid Metric-
Palatini Gravity (GHMPG). The action of the theory is
Sf =
1
2κ2
∫
d4x
√−g f(R,R) , (185)
where f(R,R) is an arbitrary function of the Ricci and Palatini scalars. Varying with respect to the independent
connection Γˆλµν we obtain [109]
∇ˆλ
(√−g ∂f
∂Rg
µν
)
= 0 , (186)
an equation that can be solved in terms of a Levi-Civita connection associated to the conformal metric hµν =
∂f
∂Rgµν ,
and given by
Γˆλµν =
1
2
hλσ (∂µhνσ + ∂νhµσ − ∂σhµν) . (187)
The variation with respect to the metric provides the set of the gravitational field equations as
∂f
∂R
Rµν − 1
2
gµνf − (∇µ∇ν − gµν) ∂f
∂R
+
∂f
∂RRµν = 8πTµν . (188)
The theory admits a scalar-tensor representation, with action given by
S =
1
2κ2
∫
d4x
√−g
[
φR− 3
2ξ
(∂ξ)2 −W (φ, ξ)
]
, (189)
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which can be interpreted theoretically as corresponding to a Brans-Dicke theory with a vanishing BD parameter in
the presence of a potential W (φ, ξ), and interacting with a second minimally coupled scalar field ξ. In the Einstein
frame the full set of gravitational field equations can be formulated as
Gµν = κ
2
(
T (φ)µν + e
−κφ
√
2/3 T (ξ)µν − gµνW
)
, (190)
φ+
κ√
6
e−κφ
√
2/3(∇ξ)2 −Wφ = 0 , (191)
ξ +
κ
√
2√
3
∇µφ∇µξ − eκφ
√
2/3Wξ = 0 , (192)
where
T (φ)µν = ∇µφ∇νφ−
1
2
gµν(∇φ)2 , (193)
T (ξ)µν = ∇µξ∇νξ −
1
2
gµν(∇ξ)2 . (194)
and Wφ and Wξ are the derivatives of the potential with respect to the two scalar fields φ and ξ, respectively.
The cosmological implications of the theory were also investigated. For a flat, homogeneous and isotropic geometry
described by the FLRW metric (67), the generalized Friedmann equations and the evolution equations for the two
scalar fields are obtained as
3
k
a2
+ 3H2 =
κ2
2
e−
√
2/3κφξ˙2 +
κ2
2
φ˙2 + κ2W , (195)
k
a2
+ 2H˙ + 3H2 = −κ
2
2
e−
√
2/3κφξ˙2 − κ
2
2
φ˙2 + κ2W , (196)
φ¨+ 3Hφ˙+
κ√
6
e−
√
2/3κφ ξ˙2 +Wφ = 0 , (197)
ξ¨ + 3Hξ˙ − κ
√
2√
3
ξ˙ φ˙+ e
√
2/3κφWξ = 0 . (198)
By using the above equations the evolution of the cosmological models can be studied using methods from the theory
of the dynamical systems.
The cosmological behavior in GHMPG was investigated in [110, 111], by adopting some natural ansatzes for the
scale factor and for the effective potential W . Exponentially expanding solutions for flat universes can be obtained in
the considered models, even when the background cosmology is not vacuum. Wormhole solutions in GHMPG theory
were investigated in [112], by using the scalar-tensor representation of the theory. One very interesting property of
these wormhole solutions is that the matter fields obeys the null energy condition (NEC) everywhere, including at
the throat and up to infinity. Consequently, the important result emerges that there is no need for exotic matter to
support the wormhole. The wormhole geometry with its flaring out at the throat is determined by the higher-order
curvature terms, or, in the equivalent scalar-tensor representation, by the two fundamental scalar fields. However,
both of these possibilities require the presence of a gravitational fluid. Thus, in GHMPG, in building up a wormhole,
one can exchange the exoticity of matter with the exoticity of the gravitational sector. The specific wormhole models
obtained in [112], and specifically built to obey the matter NEC from the throat to infinity, have generally three
regions, namely, an interior region containing the throat, a thin shell of matter, and a vacuum Schwarzschild anti-de
Sitter (AdS) exterior.
The generalized hybrid metric-Palatini theory of gravity admits a scalar-tensor representation in terms of two
interacting scalar fields. In [113, 114], it was shown that upon an appropriate choice of the interaction potential,
one of the scalar fields behaves like dark energy, inducing a late-time accelerated expansion of the universe, while the
other scalar field behaves like pressureless dark matter that, together with ordinary baryonic matter, dominates the
intermediate phases of cosmic evolution. This unified description of dark energy and dark matter gives rise to viable
33
cosmological solutions, which reproduce the main features of the evolution of the universe. In [115], a class of scalar-
tensor theories (STT) including a non-metricity that unifies metric, Palatini and hybrid metric-Palatini gravitational
actions with non-minimal interaction was proposed and investigated from the point of view of their consistency with
generalized conformal transformations. It was shown that these theories can be represented on-shell by a purely metric
STT possessing the same solutions for a metric and a scalar field. A set of generalized invariants was also proposed.
In [116], a method was developed to analyze the field content of the (generalized) hybrid theories, in particular
to determine whether the propagating degrees of freedom are ghosts or tachyons. New types of second, fourth and
sixth order derivative gravity theories were investigated and the so called linear HMPG theory was singled out as a
viable class of “hybrid” extensions of GR. The nature of the two additional scalar degrees of freedom in GHMPG,
which contains two coupled dynamical scalar modes, was studied in [117]. The weak field limit of the theory was
investigated both in the static case, and from a gravitational waves motivated perspective. In the first case, and in
the lowest order of the post parameterized Newtonian approximation of the model, the Yukawa corrections to the
Newtonian potential do appear. An interesting consequence of the theory is that one scalar field can have long range
interactions, and hence it can be used to model dark matter effects. For the gravitational waves it is possible to obtain
well-defined physical degrees of freedom, once appropriate constraints are imposed on the model parameters. The
study of the geodesic deviation indicates the presence of breathing and longitudinal polarizations of the scalar waves,
which can give rise to beating phenomena. In [118] it was shown that the Kerr solution exists in GHMPG theory,
and that for certain choices of the function f(R,R) that describe the theory, the Kerr solution can be stable against
perturbations on the scalar degree of freedom of the theory. By using the separation methods stability bounds on the
effective mass of the Ricci scalar perturbation have also been obtained. Some specific forms of the function f(R,R),
allowing the existence of a stable Kerr solution, were also considered.
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Part III
Curvature-matter couplings
The explanation of the recent acceleration of the Universe, whose first observational evidences were provided in
[1] and [2], respectively, has led to the necessity of finding a convincing and credible explanation of this intriguing
observation, as well as of the closely related problem of the strange composition of the Universe. The assumption
of the existence of a simple cosmological constant, despite extremely attractive as a phenomenological explanation
of observations, requires an unrealistic fine-tuning, and hence it is theoretically unsatisfactory. Hence one should
look at more general modifications of standard general relativity. One of an important directions of study are the
generalized gravity models involving nonminimal couplings between geometry and matter. In the present Chapter
we will review this class of modified gravity theories, concentrating mainly on three such theories, f (R,Lm), f(R, T )
and f (R, T,RµνT
µν) gravities, respectively.
VII. LINEAR NONMINIMAL CURVATURE-MATTER COUPLINGS ACTIONS AND
GRAVITATIONAL FIELD EQUATIONS
In this Section, we review some of the basic and interesting features and properties of the simplest class of models
involving a linear nonminimal coupling between curvature and matter, which generalizes f(R) gravity. This class
of theories can be roughly divided into two groups: theories with scalar field-geometry coupling, and theories with
arbitrary forms of standard matter-geometry coupling, respectively. By standard matter we usually mean either
baryonic matter, or radiation. In the second class of theories there is no specific evolution equation for matter, unless
the case of the first class of theories, where, for example, the scalar field must satisfy a Klein-Gordon type equation.
After briefly analyzing scalar field-geometry couplings, we will concentrate on the detailed presentation of the main
results in the geometry-matter coupling approaches where the matter Lagrangian is taken in a general form, which
includes the case of the baryonic matter.
A. Scalar field-geometry couplings
In order to solve the cosmological constant problem a dynamical approach was proposed in [119]. The starting
point in this analysis is the nonstandard Lagrangian,
L =
∫
d4x
√−g
[
R
2κ2
+ αR2 + Lkin − V (φ)
]
, (199)
where
Lkin =
κ−4Kq
2qf2q−1
, (200)
where f is an arbitrary function of the Ricci scalar R which vanishes at R = 0, given by f(R) ∼ (κ4R2)m. Here
κ denotes the Planck length, α and q are constants, and K ≡ −κ4∂µφ∂µφ. It turns out that f(R) is radiatively
stable, leads to a stable dynamics, despite the singular kinetic term. This approach reduces fine-tuning by 60 orders
of magnitude, and can lead to a new mechanism for sampling possible cosmological constants.
The action (199) can be written in a more general form as
L =
√
g
[
R
2κ2
+ αR2 + f (R)Lkin − V (φ)
]
, (201)
where Lkin = − 12gµν∂µφ ∂νφ is the kinetic term of the Lagrangian of a scalar field, and f(R) is an arbitrary function
of the Ricci scalar, which is considered to be divergent at R = 0. Hence these approaches introduce an arbitrary
coupling between gravity and the kinetic term of the scalar field.
In order to obtain a dark energy model that grows due to the decrease of the curvature, in [120] a direct (non-linear)
gravitational coupling between a particular form of a geometric term, constructed with the help of the Ricci scalar,
and a matter-like Lagrangian was proposed. The action of the theory is given by
S =
∫
d4x
√−g
[
1
κ2
R+
(
R
µ2
)α
Ld
]
, (202)
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where Ld is considered as a matter-like action (dark energy), α is a constant, and µ is a parameter that may
eliminate the instabilities occurring in higher derivative theories. The adopted form of the coupling may be justified
from requirements of renormalizability, or it may be induced by quantum effects as, for example, non-local effective
action. The action (202) can be rewritten in a scalar-tensor form by introducing two scalar fields ζ = R and
η = 1/κ2 + αζα−1Ld = e
−σ, respectively, and after rescaling the metric according to gµν → eσgµν , as
S =
∫
d4x
√−g
{
R− 3
2
gµν∂µσ∂νσ +
(
1
α
− 1
) (
e−σ − 1
κ2
) 1
1−α
[αLd (e
σgµν , φ)]
1
1−α
}
. (203)
The variation with respect to the metric of Eq. (202) gives the gravitational field equations as
1
κ2
(
1
2
gµνR−Rµν
)
+ T˜ µν = 0, (204)
where T˜µν is the effective energy-momentum tensor obtained as
T˜ µν ≡ 1
µ2α
[−αRα−1RµνLd +α (∇µ∇ν − gµν∇2) (Rα−1Ld)+RαT µν] , (205)
and
T µν ≡ 1√−g
δ
δgµν
(∫
d4x
√−gLd
)
. (206)
As for Ld, it is assumed that it is the Lagrangian of a free massless scalar field φ,
Ld = −1
2
gµν∂µφ∂νφ . (207)
In the case of a FLRW universe it turns out that an accelerating solution of the form
a = a0t
α+1
3 , H =
α+ 1
3t
(208)
where a0 is a constant, exists. The stability of this model was also studied.
A generalization of the action (202) of the form
S =
∫
d4x
√−g
[
1
κ2
R+ f(R)Ld
]
, (209)
giving the field equations
1
κ2
(
1
2
gµνR−Rµν
)
− f ′(R)RµνLd +
(∇µ∇ν − gµν∇2) [f ′(R)Ld] + f(R)T µν = 0, (210)
was also considered. The stability of the solution (208) was studied, by considering its perturbation in the form
a = at
α+1
3 (1 + δ), where (|δ| ≪ 1). If δ depends only on the time variable t, the perturbations equation takes the
form
1
t
d3δ
dt3
+
A1
t2
d2δ
dt2
+
A2
t3
dδ
dt
+
A3
t4
δ = 0, (211)
where A1, A2, A3, and A4 are some constants. If δ also depends on the spatial coordinates, the perturbation equation
becomes
1
t
d3δ
dt3
+
A1
t2
d2δ
dt2
+
A2
t3
dδ
dt
+
A3
t4
δ + B1
k2
t2
d2δ
dt2
+
B2k
2
t
dδ
dt
= 0, (212)
where B1 and B2 are constants. From the analysis of the perturbation equations it turns out that the inhomogeneity
of the Universe does not grow for the equation of state of the dark energy w < −1.
The class of nonlinear matter-gravity theories described by an action of the type (202) were studied in the Palatini
approach in [121]. The considered action is
S =
∫
d4x
√−g [F (R) + f (R)Ld + κLmat, (Ψ)], (213)
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where f(R) and F (R) are some analytic functions of the scalar field R = gαβRαβ(Γ) and Ld = − 12gµν∂µφ ∂νφ+V (φ)
is the scalar field Lagrangian, or, generally any Lagrangian describing spinors, vector fields, etc. Note that the ordinary
(baryonic) matter Lagrangian Lmat is minimally coupled to gravity. After obtaining the field equations in the first
order formalism the FLRW cosmology was studied, which leads to different results as compared to the purely metric
approach. The emerging FLRW cosmology may lead either to an effective quintessence phase (cosmic acceleration), or
to an effective phantom phase. A dark energy dominated phase also occurs in this model in the first order formalism.
Finally, it was shown that a dynamical theory that can solve the cosmological constant problem also exists in the
Palatini formalism.
For the sake of completeness, in this context, we also mention the possibility of scalar field-matter Lagrangian
coupling, which is specific to the so-called chameleon models, which contain a light scalar field whose mass is strongly
dependent on the ambient cosmological matter density. The scalar field can be non-minimally coupled to the matter
sector, with the Lagrangian of the model given by [122]
S =
∫
d4x
√−g
[
R
2
− 1
2
∂µφ∂
µφ− V (φ) + f(φ)Lm
]
, (214)
where Lm is the Lagrangian of the baryonic (standard) matter fields, V (φ) is the potential of the chameleon-like scalar
field φ, and f(φ) is an arbitrary function of the scalar field.
For a FLRW metric, the Friedmann equations of the model are given by
3H2 = ρφ + f(φ)ρ , 2H˙ + 3H
2 = −pφ − f(φ)p , (215)
where ρφ and pφ are the energy density and pressure of the scalar field, respectively. The equation of motion of the
scalar field (the generalized Klein-Gordon equation) is given by
φ¨+ 3Hφ˙+ V ′(φ) = f ′(φ)Lm . (216)
For a discussion of the cosmological applications of scalar field-matter couplings see [122] and references therein.
B. Theories with standard curvature-geometry coupling
The action of this modified theory of gravity is given by [32]
S =
∫ {
1
2
f1(R) + [1 + λf2(R)]Lm
}√−g d4x , (217)
where fi(R) (with i = 1, 2) are arbitrary functions of the Ricci scalar R, and the coupling constant λ determines the
strength of the interaction between f2(R) and the matter Lagrangian, denoted by Lm.
The field equations are provided by varying the action with respect to the metric gµν , and are given by the following
system
F1(R)Rµν − 1
2
f1(R)gµν −∇µ∇ν F1(R) + gµνF1(R) = −2λF2(R)LmRµν
+2λ(∇µ∇ν − gµν )LmF2(R) + [1 + λf2(R)]T (m)µν , (218)
where Fi(R) = f
′
i(R), with the prime representing the derivative with respect to the scalar curvature. The matter
energy-momentum tensor is defined as usual by
T (m)µν = −
2√−g
δ(
√−g Lm)
δ(gµν)
. (219)
We will only consider the metric formalism, and we refer the reader [123] for the Palatini approach of the linear
nonminimal curvature-matter coupling.
A general property of these nonminimal curvature-matter coupling theories is the non-conservation of the energy-
momentum tensor. This can be easily verified by taking into account the covariant derivative of the field equation
(218), the Bianchi identity, ∇µGµν = 0, and the following identity (∇ν −∇ν )Fi = Rµν ∇µFi, which then imply
the following relationship
∇µT (m)µν =
λF2
1 + λf2
[
gµνLm − T (m)µν
]
∇µR . (220)
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Thus, one may interpret the curvature-matter coupling as an exchange of energy and momentum between both. It
is rather important to mention that analogous couplings also arise after a conformal transformation in the context of
scalar-tensor theories of gravity, and in string theory. In the absence of the coupling, one verifies the conservation of
the energy-momentum tensor [124], which can also be confirmed from the diffeomorphism invariance of the matter part
of the action. Note that, from Eq. (220), one can easily check that the conservation of the matter energy-momentum
tensor is also established if f2(R) is a constant, or if the matter Lagrangian is not an explicit function of the metric.
It is rather pedagogical to test the motion of massive test particles in this theory. To this effect, consider a perfect
fluid, whose physical properties are described by the energy-momentum tensor introduced in its standard form:
T
(m)
µν = (ρ+ p)UµUν + pgµν , where ρ is the energy density and p is the isotropic pressure, respectively. Note that
the four-velocity, Uµ, satisfies the standard conditions UµU
µ = −1 and ∇νUµUµ = 0. It is also useful to introduce
the projection operator hµλ = gµλ + UµUλ, which obeys the conditions hµλU
µ = 0. The following step consists in
contracting Eq. (220) with the projection operator hµλ, which yields the following expression
(ρ+ p) gµλU
ν∇νUµ − (∇νp)(δνλ − UνUλ)
− λF2
1 + λf2
(Lm − p) (∇νR) (δνλ − UνUλ) = 0 . (221)
Finally, by contracting this relation with gαλ provides the equation of motion for a fluid element, given by
DUα
ds
≡ dU
α
ds
+ ΓαµνU
µUν = fα , (222)
where the extra force is defined by
fα =
1
ρ+ p
[
λF2
1 + λf2
(Lm − p)∇νR+∇νp
]
hαν . (223)
Note that the extra force fα is orthogonal to the four-velocity of the particle, fαUα = 0, which can be seen directly
from the properties of the projection operator. This result is consistent with the usual interpretation of the four-force
in relativity, according to which only the component of the four-force that is orthogonal to the particle’s four-velocity
can influence its motion, and trajectory.
A particularly intriguing feature of these curvature-matter coupling theories is that the extra force depends on the
functional form of the Lagrangian density. More specifically, by considering the Lagrangian density Lm = p, where
p is the pressure, the extra force vanishes [125]. On the other hand, it has been argued that this is not the unique
choice for the matter Lagrangian density, and that more natural forms for Lm, such as Lm = −ρ, do not imply
the vanishing of the extra force. Indeed, in the presence of the nonminimal coupling they give rise to two distinct
theories with different predictions [126], and this important issue has been further investigated in different physical
and mathematical contexts [127, 128].
However, one can also argue that the energy-momentum tensor in modified theories of gravity with a nonminimal
coupling is more general than the usual general-relativistic energy-momentum tensor for perfect fluids [129], and for
this reason it contains a supplementary equation of state dependent term, which could be related physically to the
elastic stresses in the body, or to other forms of internal energy. Therefore, the extra force induced by the coupling
between curvature and matter does not automatically vanishes as a consequence of the thermodynamic properties of
the system, or for a specific choice of the matter Lagrangian, and it is non-zero in the case of a fluid of dust particles.
In an attempt to clarify this issue, consider the definition of the energy-momentum tensor, given by Eq. (219), and
assuming that the Lagrangian density Lm of matter depends only on the metric tensor components gµν , and not on
its derivatives, so we have
Tµν = Lmgµν − 2∂Lm
∂gµν
. (224)
By taking into account the explicit form of the field equations (218), one obtains for the covariant divergence of the
energy-momentum tensor the equation, given by Eq. (220), which can be rewritten as
∇µTµν = 2 {∇µ ln [1 + λf2(R)]} ∂Lm
∂gµν
. (225)
Consider now the case in which matter is assumed to be a thermodynamic perfect fluid, obeys a barotropic equation
of state, with the thermodynamic pressure p being a function of the energy density ρ only, so that p = p (ρ). In this
case, the matter Lagrangian density, which in the general case could be a function of both density and pressure,
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Lm = Lm (ρ, p), or of only one of the thermodynamic parameters, becomes an arbitrary function of the matter
density ρ only, so that Lm = Lm (ρ). Then the matter energy-momentum tensor is obtained as [129]
T µν = ρ
dLm
dρ
UµUν +
(
Lm − ρdLm
dρ
)
gµν , (226)
where the four-velocity Uµ = dxµ/ds satisfies the condition gµνUµUν = −1.
Using Eqs. (225) and (226) we obtain the equation of motion of a massive test particle, or of a test fluid, with a
linear curvature-matter coupling as
D2xµ
ds2
= Uν∇νUµ = d
2xµ
ds2
+ ΓµνλU
νUλ = fµ, (227)
where the word line parameter s is taken as the proper time, Uµ = dxµ/ds is the four-velocity of the particle, Γνσβ
are the Christoffel symbols associated to the metric, and fµ is defined as
fµ = −∇ν ln
{
[1 + λf2(R)]
dLm (ρ)
dρ
}
(UµUν + gµν) . (228)
As we have already mentioned, the extra force, fµ, generated due to the presence of the coupling between matter and
geometry, is perpendicular in this type of models to the four-velocity, fµUµ = 0.
C. Scalar-tensor representation
The curvature-matter coupling theory can also be written in an equivalent form in a scalar-tensor representation,
and this was established in [130]. In fact, it can be shown that the action (217) is equivalent to a scalar-tensor
Brans-Dicke-type theory, with a single scalar field, vanishing Brans-Dicke parameter ω, and an unusual coupling of
the potential U(ψ) of the theory to matter.
As a first step, we introduce a new field φ, so that the action (217) takes the form
S =
∫
d4x
√−g
{
f1(φ)
2
+
1
2
df1
dφ
(R− φ) + [1 + λf2(φ)]Lm
}
. (229)
We then introduce the field ψ(φ) ≡ f ′1(φ), where the prime denotes differentiation with respect to φ, and thus we
obtain the following action
S =
∫
d4x
√−g
[
ψR
2
− V (ψ) + U(ψ)Lm
]
, (230)
where
V (ψ) =
φ(ψ)f ′1 [φ(ψ)]− f1 [φ(ψ)]
2
, U(ψ) = 1 + λf2 [φ(ψ)] . (231)
Note that the field φ(ψ) can be obtained by inverting ψ(φ) ≡ f ′1(φ).
The actions (217) and (230) are equivalent when f ′′1 (R) 6= 0 [130]. This can be established by setting φ = R, and
then Eq. (229) reduces trivially to Eq. (217). On the other hand, the variation of Eq. (229) with respect to φ gives
(R− φ) f ′′1 (φ) + 2λf ′2(φ)Lm = 0. (232)
For the specific case of vacuum, namely, Lm = 0, we verify that Eq. (232) yields φ = R whenever f
′′
1 6= 0 [131–134].
However, in the presence of matter there seem to be other possibilities. When Lm 6= 0, the actions (217) and (229)
are equivalent if
(R− φ) f ′′1 (φ) + 2λf ′′2 (φ)Lm 6= 0. (233)
If Eq. (232) is satisfied, we have a pathological case, which corresponds to
λf2(φ)Lm =
f ′1(φ)
2
(φ−R)− f1(φ)
2
. (234)
However, if Eq. (234) holds, then the action (229) reduces to the trivial case of pure matter without the gravity
sector. Thus, for modified theories of gravity with a linear curvature-matter coupling the actions (217) and (230) are
equivalent when f ′′1 (R) 6= 0, similarly to the case of pure f(R) gravity [131–134].
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D. Generalized f(R,Lm) curvature-matter couplings
The linear curvature-matter coupling theory, and in fact f(R) gravity, can be generalized by assuming a maximal
extension of the Einstein-Hilbert action, given by the following action [38]
S =
∫
f (R,Lm)
√−g d4x , (235)
where f (R,Lm) is an arbitrary function of the Ricci scalar R, and of the Lagrangian density corresponding to matter,
Lm. The energy-momentum tensor of the matter is defined as usual by Eq. (219). Thus, by assuming that the
Lagrangian density Lm of the matter depends only on the metric tensor components gµν , and not on its derivatives,
we obtain Eq. (224), which will be useful below.
The gravitational field equation is obtained by varying the action with respect to the metric, and yields the following
fR (R,Lm)Rµν + (gµν −∇µ∇ν) fR (R,Lm)
−1
2
[f (R,Lm)− fLm (R,Lm)Lm] gµν =
1
2
fLm (R,Lm)Tµν . (236)
Note that for the specific case of the Hilbert-Einstein Lagrangian, i.e., f (R,Lm) = R/2+Lm, we recover the standard
Einstein field equation of GR. For the slightly more involved case f (R,Lm) = f1(R) + f2(R)G (Lm), where f1 and
f2 are arbitrary functions of the Ricci scalar, and G a function of the matter Lagrangian density, respectively, we
reobtain the field equations of the modified gravity with a curvature-matter coupling introduced in [135].
Taking the covariant divergence of Eq. (236), and using the following mathematical identity [124]
∇µ
[
fR (R,Lm)Rµν − 1
2
f (R,Lm) gµν + (gµν −∇µ∇ν) fR (R,Lm)
]
≡ 0 , (237)
we obtain the following expression for the divergence of the energy-momentum tensor Tµν
∇µTµν = ∇µ ln [fLm (R,Lm)] {Lmgµν − Tµν}
= 2∇µ ln [fLm (R,Lm)]
∂Lm
∂gµν
. (238)
Note that if one imposes the conservation of the energy-momentum tensor, i.e., ∇µTµν = 0, this provides an effective
functional relation between the matter Lagrangian density and the function fLm (R,Lm), given by
∇µ ln [fLm (R,Lm)]
∂Lm
∂gµν
= 0 . (239)
Thus, once the matter Lagrangian density is known, by an appropriate choice of the function f (R,Lm) one can
construct, at least in principle, conservative models with arbitrary curvature-matter dependencies.
Now, assuming that the matter Lagrangian is a function of the rest mass density ρ of the matter only, from Eq. (238)
we obtain explicitly the equation of motion of the test particles, given by Eq. (227), where in f(R,Lm) gravity, the
extra force fµ is defined as
fµ = −∇ν ln
[
fLm (R,Lm)
dLm (ρ)
dρ
]
(UµUν − gµν) . (240)
Note that from the expression Uµ∇νUµ ≡ 0, one verifies easily that the extra force fµ is always perpendicular to the
velocity, so that Uµf
µ = 0, as also mentioned in the previous Section. Due to the presence of the extra force fµ, the
motion of test particles in modified theories of gravity with an arbitrary coupling between matter and curvature is
non-geodesic.
Furthermore, by taking into account the effects of the extra force, the generalized geodesic deviation equation,
describing the relative accelerations of nearby particles, and the Raychaudhury equation, giving the evolution of
the kinematical quantities associated with deformations, was extensively considered in the framework of an arbitrary
curvature-matter coupling, namely, f (R,Lm) gravity, in [136]. In this context, as a physical application of the geodesic
deviation equation, the modifications of the tidal forces due to the supplementary curvature-matter coupling, which
induces an extra force, were obtained in the weak field approximation. It was found that the tidal motion of test
particles is directly influenced not only by the gradient of the extra force, which is basically determined by the
gradient of the Ricci scalar, but also by an explicit coupling between the velocity and the Riemann tensor. As a
specific example, the expression of the Roche limit, which is the orbital distance at which a satellite will begin to be
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tidally torn apart by the body it is orbiting, was also obtained for this class of models. We refer the reader to [136]
for more details.
The energy conditions and cosmological applications were also explored [137]. In [138] the Wheeler-De Witt
equation of f(R,Lm) gravity was analyzed in a flat FLRW Universe, which is the first step of the study of f(R,Lm)
quantum cosmology. In the minisuperspace spanned by the FLRW scale factor and the Ricci scalar, the equivalence
of the reduced action was examined, and the canonical quantization of f(R,Lm) gravity was undertaken, and the
corresponding Wheeler-De Witt equation derived. A similar analysis will be presented and discussed below, but in
the different context of the f(R, T ) gravity theory. The introduction of the invariant contractions of the Ricci and
Riemann tensors were further considered, and applications to black hole and wormhole physics were investigated [139].
VIII. f(R, T ) GRAVITY
A. Action and gravitational field equations
In this Section, we consider an interesting extension of GR that has been given considerable attention recently,
namely, f(R, T ) gravity, where R is the Ricci scalar, and T is the trace of the energy-momentum tensor [39]. Note
that the T -dependence may be induced by several physical processes, including exotic imperfect fluids, or quantum
effects (conformal anomaly).
The action of f(R, T ) gravity is given by
S =
1
16π
∫
f (R, T )
√−g d4x+
∫
Lm
√−g d4x . (241)
Relative to the matter content, we assume that it consists of a fluid that can be characterized by two thermodynamic
parameters only, the energy density ρ and the pressure p, respectively. The trace of the energy-momentum tensor T
can be expressed as a function of the matter Lagrangian as
T = gµνTµν = 4Lm − 2gµν δLm
δgµν
. (242)
Thus, f(R, T ) gravity can be interpreted as an extension of the f (R,Lm) type theories, where the gravitational action
depends not only on the matter Lagrangian, but also on its variation with respect to the metric.
Now, varying the action (241) with respect to the metric tensor components gµν , we obtain the gravitational field
equations, given by
fR (R, T )Rµν − 1
2
f (R, T ) gµν + (gµν −∇µ∇ν) fR (R, T )
= 8πTµν − fT (R, T )Tµν − fT (R, T )Θµν . (243)
A subtlety needs to be pointed out, as we have defined the variation of T with respect to the metric tensor as
δ
(
gαβTαβ
)
δgµν
= Tµν +Θµν , (244)
where
Θµν ≡ gαβ δTαβ
δgµν
. (245)
For T = 0, we recover f(R, T ) ≡ f(R), and consequently Eq. (243) reduces to the field equations of f(R) gravity.
Taking into account the covariant divergence of Eq. (243), with the use of the following mathematical identity [124]
∇µ
[
fR (R, T )Rµν − 1
2
f (R, T ) gµν + (gµν −∇µ∇ν) fR (R, T )
]
≡ −1
2
gµνfT (R, T )∇µT , (246)
the divergence of the energy-momentum tensor Tµν is provided by
∇µTµν = fT (R, T )
8π − fT (R, T )
[
(Tµν +Θµν)∇µ ln fT (R, T ) +∇µΘµν − 1
2
gµν∇µT
]
. (247)
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To deduce the specific form of the tensorial quantity Θµν , we refer to the interested reader to [30, 39], however,
here we shall only provide the definition, which is given by
Θµν = −2Tµν + gµνLm − 2gαβ ∂
2Lm
∂gµν∂gαβ
. (248)
Note that this quantity depends on the matter Lagrangian. For instance, in the case of the electromagnetic
field the matter Lagrangian is given by Lm = − 116πFαβFγσgαγgβσ, where Fαβ is the electromagnetic field tensor,
so that we obtain Θµν = −Tµν . For a massless scalar field φ with Lagrangian Lm = gαβ∇αφ∇βφ, we obtain
Θµν = −Tµν + (1/2)Tgµν.
The problem of the perfect fluids, described by an energy density ρ, pressure p and four-velocity Uµ is more subtle,
since there is no unique definition of the matter Lagrangian. For instance, assume that the matter Lagrangian can
be taken as Lm = p, so that Eq. (248), provides the expression Θµν = −2Tµν + pgµν . The choice of the matter
Lagrangian given by Lm = −ρ leads to a different form for Θµν , namely, Θµν = −2Tµν + ρgµν , and consequently to
different field equations, and thereupon to different cosmological and astrophysical models. In fact, the nature of the
qualitative and quantitative differences between the two different versions of the f(R, T ) gravity, corresponding to
different matter Lagrangians, is still an open question, although significant contributions were made.
B. The equations of motion of test particles
For the specific case of a perfect fluid, the divergence of the energy-momentum tensor is given by
∇µTµν = − 1
8π + fT (R, T )
{Tµν∇µfT (R, T ) + gµν∇µ [fT (R, T ) p]} , (249)
and consequently, the equation of motion of a test fluid [30, 39] can be obtained as
d2xµ
ds2
+ Γµνλu
νuλ = fµ , (250)
where the extra force fµ is defined by
fµ = 8π
∇νp
(ρ+ p) [8π + fT (R, T )]
(gµν − UµUν) . (251)
The extra-force fµ is perpendicular to the four-velocity Uµ, fµUµ = 0. When fT (R, T ) = 0, we re-obtain the equation
of motion of perfect fluids with pressure in standard general relativity, which follows from the conservation of the
energy-momentum tensor, ∇µT µν = 0. In the limit p → 0, corresponding to a pressureless fluid (dust), in standard
general relativity the motion of the test particles becomes geodesic. The same result holds in the f(R, T ) gravity.
Even if fT (R, T ) 6= 0, the motion of the dust particles always follows the geodesic lines of the geometry.
C. Specific cosmological solution
Relative to cosmological applications, we refer the reader to [30, 39] for an in-depth analysis. However, in order
to illustrate the subtleties involved, here we consider a particular class of an f(R, T ) model, obtained by explicitly
specifying the functional form of f . In fact, generally, the field equations also depend, through the tensor Θµν , on the
physical nature of the matter field. Thus, in the case of f(R, T ) gravity, depending on the type of the matter source,
for each choice of f we may obtain several theoretical models, corresponding to different choices of the matter models
[140].
As a specific example, we consider the case in which the function f is given by f (R, T ) = f1(R) + f2(T ), where
f1(R) and f2(T ) are arbitrary functions of R and T , respectively. In this case, assuming that the matter content
consists of a perfect fluid, the gravitational field equations become
f ′1(R)Rµν −
1
2
f1(R)gµν + (gµν−∇µ∇ν)f ′1(R) = 8πTµν + f ′2(T )Tµν +
[
f ′2(T )p+
1
2
f2(T )
]
gµν . (252)
Furthermore, for simplicity, consider the case of dust with p = 0, so that the field equations reduce to
f ′1(R)Rµν −
1
2
f1(R)gµν + (gµν−∇µ∇ν)f ′1(R) = 8πTµν + f ′2(T )Tµν +
1
2
f2(T )gµν . (253)
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In the case f2(T ) ≡ 0, we re-obtain the field equations of standard f(R) gravity.
Equation (252) can be reformulated as an effective Einstein field equations of the form
Gµν = Rµν − 1
2
Rgµν = 8πGeffTµν + T
eff
µν , (254)
where we have denoted
Geff =
1
f ′1(R)
[
1 +
f ′2(T )
8π
]
, (255)
and
T effµν =
1
f ′1(R)
{
1
2
[f1(R)−Rf ′1(R) + 2f ′2(T )p+ f2(T )] gµν − (gµν−∇µ∇ν) f ′1(R)
}
. (256)
Note that the gravitational coupling can be given by an effective, matter (and time) dependent coupling, which is
proportional to f ′2(T ). The field equations can be recast in a form that the higher order corrections, coming both from
the geometry, and from the curvature-matter coupling, provide a energy-momentum tensor having both a geometrical
and matter origin, describing an “effective” source term on the right hand side of the Einstein field equations. Thus,
in the f(R, T ) scenario, the cosmic acceleration may result not only from a geometrical contribution to the total
cosmic energy density, but it is also dependent on the matter content of the universe, which provides new corrections
to the Hilbert-Einstein Lagrangian via the curvature-matter coupling.
The (t, t) component of Eq. (253) has the following form:
3H2 =
8π
f ′1(R)
[
1 +
f ′2(T )
8π
]
ρ+
1
f ′1(R)
[
−1
2
(
f1(R)− 6
(
H˙ + 2H2
)
f ′1(R)
)
+ 2f ′2(T )− 9
(
H¨ + 4HH˙
)
f ′′1 (R)
]
. (257)
The curvature scalar is given by R = 6
(
H˙ + 2H2
)
. For simplicity, consider that Tµν corresponds to a matter content
with a constant EoS parameter w, and defining the e-folding N by a = a0e
N , then ρ and T are given by
ρ = ρ0e
−3(1+w)N , T = −(1− 3w)ρ0e−3(1+w)N . (258)
We now consider that the expansion of the Universe is governed by
H = h(N) , (259)
where h(N) is an arbitrary function of N . Then Eq. (257) can be written as
f ′2(T ) = F2(N)
≡ 3
1 + ρ0e−3(1+w)N
{
−8π
3
ρ0e
−3(1+w)N +
1
6
f1
[
6
(
h(N)h′(N) + 2h(N)2
)]
− [h(N)h′(N) + h(N)2] f ′1 [6 (h(N)h′(N) + 2h(N)2)]
+3
[
h(N)2h′′(N) + h(N)h′(N)2 + 4h(N)2h′(N)
]
f ′′1
[
6
(
h(N)h′(N) + 2h(N)2
)]}
. (260)
Equation (260) dictates that for an arbitrary f1(R), and for the following specific choice
f ′2(T ) = F2
− ln
(
− T(1−3w)ρ0
)
3(1 + w)
 , (261)
an arbitrary development of the expansion in the Universe given by (259) can be realized. Hence, for viable f(R, T )
gravitational models, using the above reconstruction method, the possibility arises to modify the description of the
evolution of the universe by adding the corresponding function depending on the trace of the energy-momentum tensor
to the gravitational action.
We refer the reader to [39] for further examples of cosmological solutions in f(R, T ) theory.
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IX. f (R, T,RµνT
µν) GRAVITY
Now one may further build on the f(R, T ) theory, considered in the previous Section, by noting that for the specific
case of a traceless energy-momentum tensor, T = 0, for instance, when the electromagnetic field is involved, the
gravitational field equations for the f(R, T ) gravity [39] reduce to that of the field equations for f(R) gravity, and the
nonminimal couplings of gravity to the matter field identically vanish. Thus, this motivates a new generalization of
f(R, T ) gravity that consists in including an explicit first order coupling between the matter energy-momentum Tµν ,
and the Ricci tensor [141, 142].
For this case, in contrast to f(R, T ) gravity, for T = 0, there still exists a nonminimal coupling of the geometry
to the electromagnetic field via the RµνT
µν coupling term in the action, which is non-zero, in general (see [33] for a
review). As in the previous Section, we consider that the matter content is described by a perfect fluid, characterized
by only two thermodynamic parameters, ρ and p.
The first version of f (R, T,RµνT
µν) gravity was proposed in [143]. The main problem leading to this approach is
related to the fact that if one considers the perturbations of a flat Minkowski geometry, which is obviously Lorentz
invariant, then in the general relativistic case non-renormalizable divergences appear, originating from the ultraviolet
region in momentum space. However, if one could change the behavior of the graviton propagator in the ultraviolet
region from 1/k2 to 1/k4, the theory may become renormalizable in the ultraviolet sector. In this context in [144], it
was proposed to modify the ultraviolet behavior of the graviton propagator in a Lorentz non-invariant way according
to the scaling 1/ |k|2z, where k are the spatial momenta, and z could be 2, 3 or larger integers. In order to obtain a
Horˇava type gravity model [144] one can adopt the action
S =
∫
d4x
√−g
[
R
2κ2
− α (T µνRµν + βTR)2
]
, (262)
where Tµν is the energy-momentum tensor of the arbitrary type fluid, T is the trace of the energy-momentum tensor,
while α and β are constants. The above action is fully diffeomorphism invariant, and corresponds to a general class
of modified gravity theories. More general actions of the form
S =
∫
d4x
√−g
{
R
2κ2
−
N∑
n=0
αn [(T
µν∇µ∇ν + γT∇ρ∇ρ)n (T µνRµν + βTR)]2
}
, (263)
have also been discussed. From a cosmological point of view in the case of a FLRW geometry the generalized Friedmann
equations take the form
3
κ2
H2 =
27αρ2(1 + w)2
2
H4 + ρmatter, (264)
where ρmatter is the usual matter energy density (radiation, baryons etc.), different from the density ρ of the fluid
appearing in the gravitational action. Since the fluid having the energy density ρ has a constant EoS parameter w,
it follows that ρ = ρ0a
−3(1+w), where ρ0 is a constant. Then the variation of the scale factor of the Universe can be
obtained as
a(t) ∝ (t0 − t)−1/3(1+w) , (265)
which turns out to be a phantom like solution even in the case w > −1.
The investigations initiated in [143] were continued in [145], where covariant power-counting renormalizable gravities
constrained by scalar Lagrange multiplier were studied. The actions for the z = 2n+2 model with n = 0, 1, 2, · · · are
of the type
S2n+2 =
∫
d4x
√−g
{
R
2κ2
− α [(∂µφ∂νφ∇µ∇ν + 2U0∇ρ∇ρ)n (∂µφ∂νφRµν + U0R)]2
−λ
(
1
2
∂µφ∂
µφ+ U0
)}
, (266)
where λ is a Lagrangian multiplier. The action contains a coupling between the kinetic part of the scalar field and
the Ricci tensor. A covariant power-counting renormalizable vector gravity, invariant under U(1) gauge symmetry,
was also proposed. As for the vector Lagrange multiplier, several forms of it were discussed. Power-law or de Sitter
accelerating cosmological solution, which may describe the inflationary era, were found for the considered covariant
scalar/vector gravity.
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A. Action and field equations of the f (R, T,RµνT
µν) gravity
The action of the f (R, T,RµνT
µν) gravity is given by
S =
1
16πG
∫
d4x
√−gf (R, T,RµνT µν) +
∫
d4x
√−gLm . (267)
As before, the only requirement imposed on the function f (R, T,RµνT
µν) is that it is an arbitrary analytical function
in all its arguments. The gravitational field equations takes the following form
(fR − fRTLm)Gµν −∇µ∇νfR + 1
2
 (fRTTµν) + 2fRTRα(µT
α
ν) −∇α∇(µ
[
Tαν)fRT
]
+
[
 fR +
1
2
RfR − 1
2
f + fTLm +
1
2
∇α∇β
(
fRTT
αβ
)]
gµν
−
(
fT +
1
2
fRTR+ 8πG
)
Tµν − 2
(
fT g
αβ + fRTR
αβ
) ∂2Lm
∂gµν∂gαβ
= 0. (268)
The trace of the gravitational field equation, Eq. (268), which will be used below, is obtained as
3 fR +
1
2
 (fRTT ) +∇α∇β
(
fRTT
αβ
)
+RfR − TfT − 1
2
RTfRT + 2RαβT
αβfRT
+RfRTLm + 4fTLm − 2f − 8πGT − 2gµν
(
gαβfT +R
αβfRT
) ∂2Lm
∂gµν∂gαβ
= 0. (269)
Note that the second derivative of the matter Lagrangian with respect to the metric is non-zero if the matter
Lagrangian is of second or higher order in the metric. Thus, for a perfect fluid with Lm = −ρ, or a scalar field
with Lm = −∂µφ∂µφ/2, this term can be dropped. However, for instance, considering the Maxwell field, we have
Lm = −FµνFµν/4, this term results in ∂2Lm/∂gµν∂gαβ = −FµαFνβ/2, thus giving a non-zero contribution to the
field equations.
In analogy with the standard Einstein field equation, one can write the field equation (268) in an effective form as
Gµν = 8πGeffTµν − Λeffgµν + T effµν , (270)
where we have defined the effective gravitational coupling Geff , the effective cosmological constant Λeff , and an effective
energy-momentum tensor T effµν as
Geff =
G+ 18π
(
fT +
1
2fRTR− 12 fRT
)
fR − fRTLm , (271)
Λeff =
2 fR +RfR − f + 2fTLm +∇α∇β(fRTTαβ)
2(fR − fRTLm) , (272)
and
T effµν =
1
fR − fRTLm
{
∇µ∇νfR −∇αfRT∇αTµν − 1
2
fRTTµν − 2fRTRα(µT αν)
+∇α∇(µ
[
Tαν)fRT
]
+ 2
(
fT g
αβ + fRTR
αβ
) ∂2Lm
∂gµν∂gαβ
}
, (273)
respectively. Note that, in general, Geff and Λeff are not constants, and depend on the specific model considered.
B. Equation of motion of massive test particles
The covariant divergence of the energy-momentum tensor can be obtained by taking the divergence of the gravita-
tional field equation (268), which takes the following form
∇µTµν = 2
(1 +RfTR + 2fT )
{
∇µ (fRTRσµTσν) +∇ν (LmfT )−Gµν∇µ (fRTLm)
−1
2
(
fRTRρσ + fT gρσ
)
∇νT ρσ − 1
2
[∇µ (RfRT ) + 2∇µfT ]Tµν
}
, (274)
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where we have assumed that ∂2Lm/∂g
µν∂gαβ = 0, and used the mathematical identities
∇µ
(
fRRµν + fRgµν − 1
2
fgµν −∇µ∇νfR
)
= −1
2
[fT∇νT + fRT∇ν (RρσT ρσ)] , (275)
2Tµτ ;δ[;ρ;σ] = Tµτ ;αR
α
δρσ + Tατ ;δR
α
µρσ + Tµα;δR
α
τρσ, (276)
and [ ,∇ν ]T = Rµν∇µT , respectively.
In order to find the equation of motion for a massive test particle, as in the previous Sections, we consider the
energy-momentum tensor of a perfect fluid. Following the procedure outlined above, we obtain the equation of motion
for a massive test particle, considering the matter Lagrangian Lm = p, as
d2xλ
ds2
+ ΓλµνU
µUν = fλ, (277)
where the extra force acting on the test particles is given by
fλ =
1
ρ+ p
[
− (1 + 3fT )∇νp− (ρ+ p)fRTRσρ (∇νhσρ − 2∇ρhσν)
+ (fT +RfRT )∇νρ− fRTRσρhσρ∇ν (ρ+ p)
] hλν
1 + 2fT +RfRT
. (278)
Contrary to the nonminimal coupling presented in [32], and as can be seen from the above equations, the extra force
does not vanish even with the Lagrangian Lm = p.
As in the previous cases, the extra-force is perpendicular to the four-velocity, satisfying the relation fµUµ = 0.
In the absence of any coupling between matter and geometry, with fT = fRT = 0, the extra-force takes the usual
form of the standard general relativistic fluid motion, i.e., fλ = −hλν∇νp/ (ρ+ p). Note, however, that in the case
of f (R, T,RµνT
µν) gravity, there is an explicit dependence of the extra-force on the Ricci tensor Rσρ, which makes
the deviation from the geodesic motion more important for regions with strong curvatures.
C. The Dolgov-Kawasaki instability in f (R,T, RµνT
µν) gravity
Beside consistency with the Solar System tests, any gravitational theory should be stable against classical and
quantum fluctuations. One of the important instabilities of modified theories of gravity is the Dolgov-Kawasaki
instability [130, 146–150], which we shall discuss in the present Section.
Let us assume that, in order to be consistent with the Solar System tests, the Lagrangian can be written as
f(R, T,RµνT
µν) = R + ǫΦ (R, T,RµνT
µν) , (279)
where ǫ is a small parameter. Following [146], we expand the space-time quantities around a constant curvature
background with geometrical and physical parameters
(
ηµν , R0, T
0
µν , T0, L0
)
, so that
Rµν =
1
4
R0ηµν +R
1
µν , R = R0 +R1, (280)
Tµν = T
0
µν + T
1
µν , T = T0 + T1, Lm = L0 + L1, (281)
where we have locally expanded the metric tensor as
gµν = ηµν + hµν . (282)
In the above analysis, we have two types of approximations, as mentioned in [130, 147–150]. The first is an adiabatic
expansion around a constant curvature space, which is justified on the time-scales much shorter than the Hubble time.
The second approximation is a local expansion in the small regions of spacetime, which are locally flat. We emphasize
that these approximations have been used extensively in f(R) gravity [130, 146–150].
The function f (R, T,RµνT
µν) can be expanded as
f(R, T,RµνT
µν) = R0 +R1 + ǫ
[
Φ(0) + ΦR(0)R1 +ΦT (0)T1 +ΦRT (0)
(
1
4
R0T
1 +R1µνT
µν
0
)]
= R0 + ǫΦ(0) +
[
1 + ǫΦR(0)
]
R1 +H
(1), (283)
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where the notation (0) denotes the computation of the function at the background level, and for simplicity we have
defined the first order quantity H(1) as
H(1) = ǫ
[
ΦT (0)T1 +ΦRT (0)
(
1
4
R0T
1 +R1µνT
µν
0
)]
. (284)
We then obtain
fR = 1 + ǫΦR(0) + ǫΦR,R(0)R1 +H
(1)
R , (285)
fT = ǫΦT (0) + ǫΦT,R(0)R1 +H
(1)
T , (286)
fRT = ǫΦRT (0) + ǫΦRT,R(0)R1 +H
(1)
RT . (287)
Thus, expanding the trace equation (269) to first order, yields the following relation,(
3ǫΦR,R(0) +
1
2
ǫT0ΦRT,R(0)
)
R1 + ǫT
αβ
0 ΦRT,R(0)∇α∇βR1 +
[
fR(0) + ǫR0ΦR,R(0)− ǫT0ΦT,R(0)− 1
2
T0fRT (0)
−1
2
ǫR0T0ΦRT,R(0) +
1
2
ǫR0T0ΦRT,R(0) + ǫR0L0ΦRT,R(0) + fRT (0)L0 + 4ǫL0ΦT,R(0)− 2− ǫΦR(0)
]
R1
+3H
(1)
R +
1
2
fRT (0)T1 +
1
2
T0H
(1)
RT + fRT (0)∇α∇βTαβ1 + Tαβ0 ∇α∇βH(1)RT +R0H(1)R − T1fT (0)
−T0H(1)T + 2R1µνT µν0 fRT (0) +R0fRT (0)L1 +R0L0H(1)RT + 4fT (0)L1 + 4L0H(1)T
−2H(1) + 8πGT1 − 2ηµνηαβ
[
fT (0) +
1
4
R0fRT (0)
] ∂2L1
∂gµν∂gαβ
= 0.
In the limit considered, one may write  = −∂2t +∇2, thus obtaining
Tαβ0 ∇α∇βR1 = T 000 R¨1 + T ij0 ∂i∂jR1. (288)
One can then rewrite the above equation as
R¨1 + V
ij
eff∇i∇jR1 +m2effR1 = Heff , (289)
where we have defined
V ijeff =
(
3ǫΦR,R(0) +
1
2ǫT0ΦRT,R(0)
)
δij + ǫT ij0 ΦRT,R(0)
T 000 − 3ǫΦR,R(0)− 12ǫT0ΦRT,R(0)
, (290)
and
Heff =
[
3ǫΦR,R(0) +
1
2
ǫT0ΦRT,R(0)− T 000
]−1{
3H
(1)
R +
1
2
fRT (0)T1 +
1
2
T0H
(1)
RT + fRT (0)∇α∇βTαβ1
+Tαβ0 ∇α∇βH(1)RT +R0H(1)R − T1fT (0)− T0H(1)T + 2R1µνT µν0 fRT (0) +R0fRT (0)L1 +R0L0H(1)RT
+4fT (0)L1 + 4L0H
(1)
T − 2H(1) + 8πGT1 − 2ηµνηαβ
[
fT (0) +
1
4
R0fRT (0)
]
∂2L1
∂gµν∂gαβ
}
, (291)
respectively, and the effective mass is given by
m2eff =
[(
T 000 −
1
2
T0
)
fRT,R(0)− 3fRR(0)
]−1 [
ǫR0ΦR,R(0)− ǫT0ΦT,R(0)− 1
2
ǫR0T0ΦRT,R(0)
−1
2
ǫT0ΦRT (0) +
1
2
ǫR0T0ΦRT,R(0) + ǫR0L0ΦRT,R(0) + ǫΦRT (0)L0 + 4ǫL0ΦT,R(0)− 1− ǫΦR(0)
]
. (292)
The dominant term in the above expression is 1/
[
3fRR(0) + (
1
2T0 − T 000 )fRT,R(0)
]
, and therefore the condition to
avoid the Dolgov-Kawasaki instability is
3fRR(0)−
(
ρ0 − 1
2
T0
)
fRT,R(0) ≥ 0, (293)
where ρ0 is the background energy density of matter [146].
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D. Specific cosmological application
We consider now cosmological applications of the theory, where the functional form of the function f (R, T,RµνT
µν)
is fixed in advance. In order to analyze the evolution and dynamics of the Universe, consider an isotropic and
homogeneous spacetime, with the matter content described by a perfect fluid and where the matter Lagrangian
chosen as Lm = −ρ. For the FLRW metric (67), we introduce the Hubble parameter H = a˙/a, and the deceleration
parameter q, defined as
q =
d
dt
1
H
− 1. (294)
Note that if q < 0, the expansion of the Universe is accelerating, while positive values of q > 0, describe decelerating
evolutions.
For simplicity, we consider the case in which the interaction between matter and geometry takes place only via the
coupling between the energy-momentum and Ricci tensors, i.e.,
f = R+ αRµνT
µν . (295)
In order to pass the Solar System and the other astrophysical tests, the correction parameter α in Eq. (295) must
be small. This simple case serves as an example to show the main differences of the present theory as compared to
f(R, T ) gravity, considered before [39]. The gravitational field equations for this form of f are given by
Gµν + α
[
2Rσ(µT
σ
ν) −
1
2
RρσT
ρσgµν − 1
2
RTµν −GµνLm − 2Rαβ ∂
2Lm
∂gµν∂gαβ
−1
2
(
2∇σ∇(νT σµ) −Tµν −∇α∇βTαβgµν
) ]
− 8πGTµν = 0. (296)
For the case of the FLRW metric, the modified Friedmann equations are
3H2 =
κ
1− αρρ+
3
2
α
1− αρH (ρ˙− p˙) , (297)
and
2H˙ + 3H2 =
2α
1 + αp
Hρ˙− κp
1 + αp
+
1
2
α
1 + αp
(ρ¨− p¨) , (298)
respectively, where we have denoted κ = 8πG for simplicity. When α = 0 we recover the standard Friedmann
equations. To remove the under-determinacy of the field equations, we impose an equation of state for the cosmological
matter, p = p(ρ). A standard form of the cosmological matter equation of state is p = ωρ, where ω = constant, and
0 ≤ ω ≤ 1.
For simplicity, consider the case of low density cosmological matter, with p = 0. Moreover, we assume again that
the condition αρ ≪ 1 holds. Then the gravitational field equations, corresponding to a FLRW Universe, take the
approximate form
3H2 = κρ+
3
2
αHρ˙, (299)
2H˙ + 3H2 = 2αHρ˙+
1
2
αρ¨. (300)
Consider a de Sitter-type solution of the field equations (299)–(300) for the pressureless matter, by taking H =
H0 = constant. Then it follows that, in order to have an accelerated expansion, the matter density must satisfy the
equation
ρ¨−H0ρ˙+ 2κ
α
ρ = 0, (301)
with the general solution given by
ρ(t) = e
1
2H0(t−t0)
{√
α (2ρ01 −H0ρ0)√
αH20 − 8κ
sinh
[√
αH20 − 8κ
2
√
α
(t− t0)
]
+ cosh
[√
αH20 − 8κ
2
√
α
(t− t0)
]}
, (302)
where we have used the initial conditions ρ (t0) = ρ0, and ρ˙ (t0) = ρ01, respectively. Therefore, in the presence of
a non-trivial curvature-matter coupling, once the evolution of the matter density is given by Eq. (302), the time
evolution of the Universe is of the de Sitter type. We refer the reader to [141] for further cosmological applications.
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X. IRREVERSIBLE MATTER CREATION PROCESSES THROUGH A NONMINIMAL
CURVATURE-MATTER COUPLING
A. Thermodynamic open systems
An interesting application of curvature-matter coupling theories is to the thermodynamics of open systems [151, 152].
In fact, Prigogine et al. [153, 154] in the 1980s proposed an interesting type of cosmological history with a large-
scale entropy production in the context of the cosmological thermodynamics of open systems. More specifically,
they investigated the role of irreversible processes corresponding to matter creation in GR, by modifying the usual
adiabatic energy conservation laws. The cosmological models analyzed were based on a reinterpretation of the general
relativistic matter energy-momentum tensor, where it was shown that the second law of thermodynamics allowed the
creation of matter as an irreversible energy flow from the gravitational field to the created matter fluid, but forbidding
the inverse process [155]. Prigogine et al. argued that the conventional initial big bang singularity appears to be
structurally unstable with respect to irreversible matter creation, where the cosmological history in the framework of
the thermodynamics of open systems starts from an instability of the quantum vacuum rather than from a singularity.
A remarkable fact is that the de Sitter stage appears to be an attractor independently of the initial fluctuation
[153, 154].
Indeed, the final de Sitter phase is relevant due to the recent late-time cosmic acceleration [13, 14], where the simplest
explanation is to invoke a cosmological constant, which is usually associated to the quantum vacuum energy, which
may decay into radiation and matter particles. This fact is particularly important in modified theories of gravity, with
a nonminimal curvature-matter coupling [32], which provide an alternative mechanism for the gravitational particle
production. As extensively mentioned above a general property of these theories is the non-conservation of the energy-
momentum tensor [32, 39, 123, 135]. Thus, this curvature-matter coupling, namely, the coupling between matter and
the higher derivative curvature terms may be interpreted as an exchange of energy and momentum between both. it
is in this context, that this coupling mechanism naturally induces a gravitational particle production [151, 152].
To this effect, consider the spatially-flat Friedman-Lemaitre-Robertson-Walker (FLRW), given by Eq. (67). Using
the thermodynamics of open systems, we note that the number of particles is not conserved, in particular, the usual
expression for the evolution of the number density, n˙ + 3Hn = 0, where H = a˙/a, generalizes to n˙+3nH = Γn. The
quantity Γ is defined by the particle creation rate, using the second law of thermodynamics obeys Γ ≥ 0. Therefore,
taking into account the above considerations, the energy conservation equation describing an irreversible particle
creation can be rewritten as an effective energy conservation equation, given by
ρ˙+ 3 (ρ+ p+ pc)H = 0, (303)
where
pc = −ρ+ p
3
Γ
H
. (304)
where pc is a new thermodynamic quantity, pc, denoted the creation pressure [154].
B. Thermodynamic interpretation in curvature-matter couplings
In the following, taking into account that with the second law of thermodynamics requires that space-time transforms
into matter, we argue that the explicit curvature-matter coupling generates an irreversible energy flow from the
gravitational field to newly created matter constituents.
Recall that the gravitational theory, with a nonminimal coupling between matter and curvature [32], is given by
the Lagrangian (1), i.e., L = 12f1(R) + [1 + λf2(R)] Lm. This is equivalent to an scalar-tensor representation with a
two-potential scalar-tensor Brans-Dicke type theory [130], given by the action (230), which for self-completeness on
this section, we rewrite here:
S =
∫ [
ψR
2
− V (ψ) + U(ψ)Lm
] √−g d4x , (305)
where the two potentials V (ψ) and U(ψ) are given as
V (ψ) =
φ(ψ)f ′1 [φ(ψ)] − f1 [φ(ψ)]
2
, U(ψ) = 1 + λf2 [φ(ψ)] . (306)
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Now, varying the action (305) with respect to the metric gµν and to the scalar field ψ provides the following field
equations
ψ
(
Rµν − 1
2
gµνR
)
+ (gµν∇α∇α −∇µ∇ν)ψ = U(ψ)Tµν + V (ψ)gµν , (307)
and
R
2
− V ′(ψ) + U ′(ψ)Lm = 0, (308)
respectively.
The covariant divergence of the energy-momentum tensor provides the following energy balance equation
ρ˙+ 3H(ρ+ p) + ρ
d
ds
lnU(ψ) +
2V ′ (ψ)− U ′(ψ)Lm
U(ψ)
ψ˙ = 0 . (309)
which confronting with Eq. (303), yields the creation pressure, given by
pc = − 1
3H
{
ρ
d
dt
lnU(ψ) +
2V ′ (ψ)− U ′(ψ)Lm
U(ψ)
ψ˙
}
, (310)
where the particle creation rate Γ is a non-negative quantity defined as
Γ = − 1
ρ+ p
{
ρ
d
dt
lnU(ψ) +
2V ′ (ψ)− U ′(ψ)Lm
U(ψ)
ψ˙
}
. (311)
In Eq. (309), we note that the change in the particle number is due to the transfer of energy-momentum from gravity
to matter.
The entropy is defined through the positive particle creation rate Γ by the relation S˙/S = Γ ≥ 0 [151, 152].
This implies that in an ever expanding Universe with particle creation, the matter entropy will increase indefinitely.
However, natural systems, left to themselves, tend to attain a state of thermodynamic equilibrium, which implies that
the entropy of isolated systems never decreases, S˙ ≥ 0. In addition to this, it is concave, at least in the last stage of
approaching thermodynamic equilibrium.
The validity of the second law of thermodynamics in cosmology was investigated in detail in [156], where it was
shown that if the entropy, S, as measured by a comoving observer, is defined as the entropy of the apparent horizon plus
that of matter and radiation within it, then the Universe approaches thermodynamic equilibrium as it nears the final
de Sitter phase. Then it follows that S increases, and is concave, thus validating the second law of thermodynamics,
as one should expect given the strong connection between gravity and thermodynamics, for the case of the expanding
Universe.
Taking into account a spatially-flat FLRW Universe filled with dust, one has
S = Sah + Sm =
π
H2
+
4π
3H3
n(t) , (312)
where the radius of the apparent horizon is rah = H
−1 [157]. Therefore, the thermodynamic requirements S′ ≥ 0 and
S′′ ≤ 0 impose specific constraints on the particle creation rate Γ, and its derivative with respect to the scale factor.
A particularly important case is that of the de Sitter evolution of the Universe, with H = H⋆ = constant. In this
case, we have
S′ =
4π
3H4⋆
[Γ(a)− 3H⋆]
a
n(a) ≥ 0 , (313)
and
S′′ =
4πn(a)
3a2H5⋆
{
Γ2(a) +H⋆ [aΓ
′(a) + 12H⋆]− 7H⋆Γ(a)
}
≤ 0 , (314)
respectively. Thus, the constraints Γ ≥ 3H⋆ and Γ′(a) ≤
[
7Γ(a)− Γ2(a)/H⋆ − 12H⋆
]
/a are imposed on the particle
creation rate Γ. For the specific case of Γ = 3H⋆, we obtain S = constant, showing that in this case the cosmological
evolution is isentropic. Here, H⋆ denotes the expansion rate of the final de Sitter phase, where realistically it must
be lower than the Hubble constant value, H0. We refer the reader to [151, 152] for more specific details.
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In conclusion, the thermodynamic interpretation suggests that the curvature-matter coupling may well be a leading
feature of our Universe. In this hypothetical context, the current accelerated cosmic expansion may be seen as a hint
for matter creation. In fact, the existence of some forms of the curvature-matter coupling leading to matter creation
processes is not ruled out by the available data. The functional forms of the potentials V (ψ) and U(ψ) that fully
characterize the nonminimal curvature-matter coupling gravitational theory may be provided by fundamental quantum
field theoretical models of the gravitational interaction, thus opening the possibility to an in-depth comparison of the
predictions of the gravitational theory with cosmological and astrophysical data.
XI. QUANTUM COSMOLOGY OF f(R, T ) CURVATURE-MATTER COUPLINGS
The present Section presents a brief introduction to the study of the quantum cosmology of f(R, T ) gravity, and of
some of its physical and theoretical implications. As a first step in our investigations, we derive the general form of the
gravitational Hamiltonian in the f(R, T ) gravity theory, of the corresponding quantum potential, and of the canonical
momenta associated to the Hamiltonian, respectively. Indeed, once these physical quantities are explicitly obtained,
we introduce the full Wheeler-de Witt equation in f(R, T ) gravity, which describes the quantum properties of the very
early Universe in the framework of the theory. The Wheeler-de Witt equation can provide a satisfactory description
of the Universe during the period when quantum effects had a dominant influence on its dynamic evolution.
To present the subtleties of the theory, as well as the complexity of the physical applications, we consider only
a specific form for the f(R, T ) theory. Once the gravitational action is fixed, we obtain the Hamiltonian form of
the classical equations of motion, and the Wheeler-de Witt equation, which gives the unfolding of the wave function
of the very early Universe, immediately after its birth. We then propose a time parameter for the f(R, T ) gravity
quantum dynamical system, which allows us to introduce for the quantum-mechanical system under consideration
a Schro¨dinger–Wheeler–de Witt type equation for the description of its specific attributes. In order to solve the
Schro¨dinger–Wheeler–de Witt type equation of the quantum cosmology of f(R, T ) gravity, describing the properties
of the early Universe, we use a perturbative approach for the study of this quantum cosmological equation. The
energy levels of the Universe are obtained perturbatively by using a standard twofold degenerate perturbation method.
Finally, we study the problem of the quantum time in f(R, T ) gravity by introducing a second quantization approach
of time.
A. The Wheeler-de Witt equation in f(R, T ) gravity
In order to explore the quantum cosmology of f(R, T ) gravity, we need to define the classical parameters of the
model. For this purpose, we adopt the FLRW metric as the classical background line element, which corresponds to a
homogeneous and isotropic geometry. In addition to this, we assume that the matter content of the very early Universe
can be modeled by a perfect cosmological fluid, described by two basic thermodynamic parameters, namely, the energy
density and the thermodynamic pressure, respectively. As a first step in our analysis, we develop the Hamiltonian
formulation of f(R, T ) gravity, which will be useful to write down the Wheeler-de Witt equation, and gives the
description of the evolution of the quantum Universe in its very early stages, in the presence of the curvature-matter
coupling.
As we have already seen, the classical field equations of f(R, T ) gravity are given in an arbitrary geometry by Eq.
(243), and for convenience, we reproduce here
fR(R, T )Rµν − 1
2
f(R, T )gµν + (gµν−∇µ∇ν)fR(R, T )
= −8πTµν − fT (R, T )Tµν − fT (R, T )Θµν . (315)
This yields the trace of the field equation Eq. (315), given by
fR(R, T )R− 2f(R, T ) + 3fR(R, T ) = 1
2
T + fT (R, T )T − 4pfT (R, T ), (316)
which will be useful below.
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1. The effective cosmological Lagrangian and the potential
As mentioned above, the geometry of the classical spacetime is assumed to be homogeneous and isotropic, and
described by the FLRW metric, given in spherical coordinates by
ds2 = −N2(t)dt2 + a2(t)
[
dr2
1− kr2 + r
2(dθ2 + sin2 θdϕ2)
]
, (317)
whereN(t) is the lapse function, a(t) is the cosmological scale factor, and the constant k, taking the values k = 1, 0,−1,
represents the closed, flat and open geometric models of the Universe, respectively. The components of the Ricci tensor
for the FLRW metric (317) are provided by
R00 = −3 a¨
a
+ 3
N˙ a˙
Na
, (318)
Rii =
gii
N2
[
a¨
a
+ 2
(
a˙
a
)2
+
2kN2
a2
− N˙ a˙
Na
]
, (319)
with i = 1, 2, 3, and the Ricci scalar is given by
R = Rµµ =
6
N2
[
a¨
a
+
(
a˙
a
)2
+
kN2
a2
− N˙ a˙
Na
]
. (320)
Since we assume that the matter content of the Universe consists of a perfect fluid, in the comoving frame, in which
the components of the four-velocity are Uµ = (N(t), 0, 0, 0) and U
µ = (−1/N(t), 0, 0, 0), respectively, the trace of the
energy-momentum tensor is given by T = −ρ+ 3p.
Given this, we now derive the effective Lagrangian for the f(R, T ) theory. Thus, by varying the Lagrangian with
respect to its dynamical variables gives the equations of motion for the system. By taking into account the explicit
expressions of the components of the Ricci tensor Rµν , and with the use of the identity (316), the cosmological action
for f(R, T ) gravity is given by
Sgrav =
∫
dt
{
Na3f(R, T )− λ
[
R− 6
N
(
a¨
a
+
(
a˙
a
)2
+
kN2
a2
− N˙ a˙
Na
)]
−µ
[
1
2
T + fT (R, T )T − fR(R, T )R− 3fR(R, T ) + 2f(R, T )− 4pfT (R, T )
]}
. (321)
Here, we introduced two parameters λ and µ as Lagrange multipliers. The term containing the second Lagrange
multiplier is chosen as the contracted field equation, since in this way it can be derived directly from the gravitational
action, and no further assumptions are needed. Moreover, if we use other possible representations for the action,
such as adopting for the term multiplying the second Lagrange multiplier µ the expression T + ρ − 3p, important
information about the geometry of the modified gravity will be lost.
By varying Eq. (321) with respect to R and T , we obtain the following expressions for the Lagrange multipliers λ
and µ
µ
Na3
=
fT
1/2 + 3fT + fTTT − fRTR− 3fRT − 4pfTT ≡ µ˜, (322)
λ
Na3
= fR − µ(fRTT − fRRR + fR − 3fRR − 4pfRT )
Na3
≡ λ˜. (323)
Therefore the gravitational part of the Lagrangian is obtained as
Lgrav = − 6
N
aa˙2λ˜− 6
N
a2a˙
˙˜
λ+ 6kNaλ˜−Na3V, (324)
where the potential V is given by the relation
V = −f(R, T ) + λ˜R+ µ˜
[
1
2
T + fT (R, T )T − fR(R, T )R− 3fR(R, T ) + 2f(R, T )− 4pfT (R, T )
]
. (325)
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In order to simplify the mathematical formalism of the problem, we consider the following definitions
fR = A, fT = B, fRR = C, fRT = D,
fTT = E, fRR = F, fRT = G, T − 4p =M.
By using the newly introduced variables λ˜ can be expressed as
λ˜ = A− B(DM − CR +A− 3F )
1/2 + 3B + EM −DR− 3G. (326)
We introduce now two new quantities A and Z defined as
A = 1
2
+ 3B + EM −DR− 3G, Z = DM − CR +A− 3F. (327)
Thus, for λ˜ we obtain the simple representation
λ˜ = A− BZA . (328)
By taking the derivative with respect to the cosmological time of the above expression we find
˙˜
λ = A˙− BZ˙ + B˙ZA +
BZA˙
A2 . (329)
2. The cosmological Hamiltonian
Note that by definition, the canonical momentum Pq associated to the coordinate q is obtained as Pq = ∂L/∂q˙.
Thus, by taking into account the definition of the momenta associated to the canonical variables, the cosmological
Hamiltonian of f(R, T ) gravity is provided by
Hgrav = a˙Pa + A˙PA + B˙PB + C˙PC + D˙PD + E˙PE
+F˙PF + G˙PG + R˙PR + M˙PM − Lgrav . (330)
The explicit forms of the canonical momenta associated to the cosmological action Eq. (321) of f(R, T ) gravity can
be found, after some simple calculations, as being given by
Pa = −2 6
N
aa˙λ˜− 6
N
a2
˙˜
λ, PA = − 6
N
a2a˙
(
1− BA
)
, PB = − 6
N
a2a˙
(
−ZA +
3BZ
A2
)
, (331)
PC = − 6
N
a2a˙
(
BR
A
)
, PD = − 6
N
a2a˙
[
−B(T − 4p)A −
BZR
A2
]
, PE = − 6
N
a2a˙
[
BZ(T − 4p)
A2
]
, (332)
PF = − 6
N
a2a˙
(
3B
A
)
, PG = − 6
N
a2a˙
(
−3BZA2
)
, PR = − 6
N
a2a˙
[
BC
A −
BZD
A2
]
, (333)
PT = − 6
N
a2a˙
(
−BDA +
BZE
A2
)
, Pp = − 6
N
a2a˙
(
4DB
A −
4BZE
A2
)
. (334)
With the use of the canonical momenta, we can construct, via the Legendre transformation, the cosmological
Hamiltonian of f(R, T ) gravity as
Hgrav =
(
− 6
N
aa˙2λ˜− 6kNaλ˜+Na3V
)
− 6
N
a2a˙
[
A˙− BA˙A −
B˙Z
A +
3BB˙Z
A2 +
BRC˙
A −
BD˙M
A
−BZRD˙A2 +
BZE˙M
A2 +
3BF˙
A −
3BZG˙
A2 +
BCR˙
A −
BZDR˙
A2 −
BDM˙
A +
BZEM˙
A2
]
. (335)
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In the following analysis, in order to simplify the notation, we represent the Hamiltonian in the form
Hgrav = (· · · )− 6
N
a2a˙[· · · ] . (336)
From the definition of the canonical momenta we can now easily derive the relation
PaPA =
(
6
N
)2
a3a˙2λ˜
(
1− BA
)
+
(
6
N
)2
a4a˙[· · · ] +
(
6
N
)2
a4a˙
(
−BA
)
˙˜
λ . (337)
Since
PaPF =
(
6
N
)2
2a3a˙2λ˜
(
3
B
A
)
+
(
6
N
)2
a4a˙
˙˜
λ
(
3B
A
)
, (338)
the combination of the above two equations yields
− 6
N
a2a˙[· · · ] = − N
6a2
(
PaPA +
1
3
PaPF
)
+
2 · 6
N
aa˙2λ˜ . (339)
Therefore, the gravitational Hamiltonian can be written as
Hgrav =
6
N
aa˙2
(
A− BZA
)
− N
6a2
(
PaPA +
1
3
PaPF
)
+Na3V − 6kNaλ˜ . (340)
Since we have PA = − 6N a2a˙
(
1− B
A
)
, after taking the square of it, we obtain
6
N
aa˙2A =
[
P 2A(
6
N
)2
a4a˙2
− B
2
A2 +
2B
A
]
6
N
aa˙2A
=
NP 2A
6a3
A+
6
N
aa˙2A
(−B2
A2 +
2B
A
)
. (341)
Thus, for the Hamiltonian we find the expression
Hgrav =
N
6a3
P 2AA−
N
6a2
(PaPA +
1
3
PaPF )− 6
N
aa˙2
AB2
A2 −
6
N
aa˙2
B(Z − 2A)
A +Na
3V − 6kNaλ˜ . (342)
Considering now that
PCPR =
(
− 6
N
a2a˙
)2(
B2RC
A2 −
B2ZRD
A3
)
, PDPM =
(
− 6
N
a2a˙
)2 (
−BMA −
BZR
A2
)(
−BDA +
BZE
A2
)
,
1
3
PEPF = (− 6
N
a2a˙)2
B2ZM
A3 , P
2
G =
(
− 6
N
a2a˙
)2
9B2Z2
A4 , PC
(
PA +
PF
3
)
=
(
− 6
N
a2a˙
)2(
BR
A
)
,
we can also obtain the relation
− 6
N
aa˙2
B(Z − 2A)
A = −
6
N
aa˙2
B (DM − CR+A− 3F − 2A)
1/2 + 3B + EM −DR− 3G
=
N
6a3
(
PA +
PF
3
)
PF
3
(A+ 3F )− N
6a3
A
B
(PCPR + PDPM )
+
6aa˙2
N
A
B
BZE
A2
(
−BMA −
BZR
A2
)
− 6aa˙
2
N
(
−2BCRA
)
. (343)
Therefore, the gravitational part of the cosmological Hamiltonian of f(R, T ) gravity can be written as
Hgrav =
N
6a3
(
PA +
PF
3
)
(APA + FPF − aPa) + N
3a3
PC
(
PA +
1
3
PF
)
C
+
N
6a3
A
B
(
PCPR + PDPM +
PEPF
3
E +
P 2G
9
RE
)
+Na3V − 6kNa
(
A− BZA
)
, (344)
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where we have introduced the quantum potential V of the cosmological system defined as
V = −f + λ˜R+ µ˜
(
1
2
T + fTM − fRR− 3fR + 2f
)
. (345)
For the matter part of the Hamiltonian we have [158]
Hmatt = −Lmatt = −Na3p. (346)
Thus, the total Hamiltonian of the universe in f(R, T ) gravity is
H = Hgrav +Hmatt. (347)
The gravitational HamiltonianH constructed above is a very general one, since it contains all the canonical momenta
associated to all variables of f(R, T ) gravity. This general representation can lead to the full description of the complex
dynamics and evolution of all the gravitational field variables, as well as their associated canonical momenta.
3. The Wheeler-de Witt equation
The basic equation of quantum cosmology, namely, the Wheeler-de Witt equation, can be immediately obtained
from the Hamiltonian (347) of f(R, T ) gravity. Hence, by applying the standard quantization procedure we obtain
the evolution equation of the quantum universe as
HΨ = (Hgrav +Hmatt)Ψ = NHΨ = 0. (348)
The Hamiltonian operator H for f(R, T ) gravity takes the form
H = 1
6a3
(
P 2AA+ PAPFF − PAPaa+
A
3
PFPA +
F
3
P 2F −
a
3
PFPa
)
+
1
3a3
PC
(
PA +
PF
3
)
C
− 1
6a3
A
B
(
PCPR + PDPM +
PEPF
3
E +
P 2G
9
RE
)
+ a3V − 6ka
(
A− BZA
)
− a3p. (349)
To quantize the model, we need to carry out first parameter ordering. Several ways to perform it have been proposed
in the literature [159]. In the following we adopt a method that maintains the Hamiltonian Hermitian [54]. Hence we
can obtain the following relationships (we perform the quantization via the substitution Pq → −i(∂/∂q)),
qP 2q =
1
2
(quPqq
vPqq
w + qwPqq
vPqq
u) = −q ∂
2
∂q2
+ uw
1
q
, (350)
where the parameters u, v, w, denoting the ambiguity in the ordering of the factors q and Pq, satisfy the condition
u+ v + w = 1, and the relation
qPq =
1
2
(qrPqq
s + qsPqq
r) = −i
(
q
∂
∂q
+ 1
)
, (351)
where the parameters r, s denote the ambiguity in the ordering of factors q and Pq, and satisfy the condition r+s = 1.
Similarly one can show that
q−2Pq = −i
(
− 2
q3
+
1
q2
∂
∂q
)
. (352)
Therefore, the quantized cosmological Hamiltonian in f(R, T ) gravity can be obtained as
H = − 1
6a3
[(
A
∂
∂A
+ F
∂
∂F
+ 2C
∂
∂C
− a ∂
∂a
+ 5
)(
∂
∂A
+
1
3
∂
∂F
)
− u1w1 1
A
− u2w2 1
3F
]
+
1
6a3
[
A
B
(
∂
∂C
∂
∂R
+
∂
∂D
∂
∂M
+
E
3
∂
∂E
∂
∂F
− RE
9
∂2
∂G2
)
+
(
− D
B
∂
∂C
− R
B
∂
∂M
+
E
B
∂
∂D
+
A+ EM
3B
∂
∂F
+
RE
3BG
u3w3
)]
+ a3V − 6ka
(
A− BZA
)
− a3p. (353)
Here u1, w1, u2, w2 and u3, w3 denote the quantum mechanical ambiguity in the ordering of the factors A,PA, F, PF ,
and G,PG, respectively.
In the next section, we apply the general formalism developed so far to investigate some particular quantum
cosmological models in f(R, T ) gravity.
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B. Specific cosmological application: f(R, T ) = F 0(R) + θRT
In the previous section, we derived the general form of the Wheeler-de Witt equation in f(R, T ) gravity. As one
can see from the form of this equation, an analytic general solution of the Wheeler-de Witt equation for an arbitrary
f(R, T ) would be extremely difficult to find. Instead of concentrating on the investigation of the general equation, in
the present Section we consider a particular case of the f(R, T ) theory, in which the gravitational action takes the
simple form
f(R, T ) = F 0(R) + θRT, (354)
where F 0(R) is an arbitrary function of the Ricci scalar only, and θ is an arbitrary function depending on the
cosmological scale factor a(t) of the classical universe. In this toy model, the term in the gravitational action involving
the coupling of the curvature of spacetime with the trace of the matter energy-momentum tensor could give a hint of
the implications of such a coupling on the quantum cosmological evolution of the Universe.
1. The Hamiltonian and the Wheeler-de Witt equation
For the model described by the Eq. (354) we can easily obtain
A = 1
2
+ 2θR, B = θR,
B
A =
θR
1/2 + 2θR
. (355)
Similarly, the other variables of physical and cosmological interest become
A = F 0R + θT, C = F
0
RR, D = θ, E = 0, G = θ. (356)
In the early quantum Universe after the initial Big Bang, the spacetime has a very high curvature, so that the
condition R → ∞ holds. In the limit R → ∞, we have B/A = 1/2. By using the definitions of PA and PF , we
find PF = [3B/ (A−B)]PA ≈ 3PA. By also assuming that in the newly born quantum Universe the conditions
fR ≫ fRR → A ≫ F hold, we find for the gravitational Hamiltonian of the f(R, T ) = F 0(R) + θRT model the
expression
Hgrav = −2 N
6a2
PaPA + 2
N
6a3
P 2AA− 2
N
6a3
(PCPR + PDPM )
+
4N
6a3
PAPCC +Na
3V − 6kNa
(
A− BZA
)
, (357)
where the quantum potential V is defined as
V =
(
2Rθ
1/2 + 2Rθ
− 1
)(
F 0 − F 0RR
)
+
Rθ
1/2 + 2Rθ
(
1
2
T + CR2 + 3FR− 3fR
)
. (358)
In the limit R→∞, and by assuming that θ 6= 0, the quantum potential takes the form
V =
1
2
(
1
2
T + CR2 + 3FR− 3fR
)
. (359)
Therefore in the approximation of the large curvature R the total Hamiltonian of the early Universe becomes
H = Hgrav +Hmatt =
(
− 2N
6a2
PaPA +
2N
6a3
P 2AA− 3kNaA
)
+
(
− 2N
6a3
PCPR +
Na3
2
CR2 − 3kNaCR
)
+
(
− 2N
6a3
PDPM +
Na3
4
M + 3kNaDM
)
+
4N
6a3
PAPCC +
3Na3
2
(FR −fR) . (360)
It is a general property of the Lagrangian/Hamiltonian systems that if we have some terms that can be ignored in
the total action, they can also be ignored in L and H , without leading to any physical differences in the dynamical
evolution of the given system. Due to Gauss’ theorem, in Eq. (360) we have the relations∫
dt
√−g 3Na
3
2
fR =
∫
M
d4x
√−gfR =
∮
∂M
f ;µR
√−gdσ3µ. (361)
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Then we immediately see that the variational derivative of this term cancels out from the equation of motion,
2√−g
δ
δgµν
∫ √−gfRd4x = 0, (362)
and the term can be removed from the Hamiltonian function. Thus, we can now find the Wheeler-de Witt equation
for the f(R, T ) = F 0(R) + θRT gravitational model, which in this specific case has the form
HΨ =
[(
2
6a2
∂2
∂a∂A
− 4
6a3
C
∂
∂A
∂
∂C
− 8
6a3
∂
∂A
− 2
6a3
A
∂2
∂A2
+
2
6
u1w1
1
Aa3
− 3kaA
)
+
(
2
6a3
∂
∂C
∂
∂R
+
a3
2
CR2 − 3kaCR
)
+
(
2
6a3
∂2
∂D∂M
+
a3
4
M + 3kaDM
)
+
3a3
2
FR
]
Ψ = 0. (363)
2. The Hamiltonian form of the field equations
It is a well known result of classical mechanics that the total time derivative of any function of the canonical
variables can be calculated with the use of the Poisson bracket {, } as
d
dt
f =
∂f
∂t
+ {f,H}. (364)
If the physical variables of the system do not depend explicitly on the time t, the Poisson brackets simplifies to
d
dt
f = {f,H}. (365)
Therefore, since the Hamiltonian of f(R, T ) gravity has already been found, we can formulate the classical equations
of motion of this modified gravity theory as
a˙ = {a,H} = −2 N
6a3
PA, A˙ = {A,H} = N
[
− 1
3a2
Pa +
2
3a3
APA +
4
6a3
PCC
]
, (366)
P˙a = {Pa, H} = N
{(
− 2
3a3
PAPa +
1
a4
P 2AA+ 3kA
)
+
(
− 1
a4
PCPR − 3a
2
2
CR2 − 3kCR
)
+
[
− 1
a4
PDPM − 3a
2
4
M + 3kDM
]
+
12
6a4
PAPCC
}
, (367)
P˙A = {PA, H} = N
[
− 1
3a3
P 2A + 3ka
]
, C˙ = {C,H} = − N
3a3
[(PR − 2PAC] , (368)
P˙C = {PC , H} = N
[
−a
3
2
R2 + 3kaR− 4
6a3
PAPC
]
, R˙ = {R,H} = − N
3a3
PC , (369)
P˙R = {PR, H} = N
[
−a3CR+ 3kaC − 3a
3
2
F
]
, D˙ = {D,H} = −2 N
6a3
PM , (370)
P˙D = −3kNaM, M˙ = −2 N
6a3
PD, ˙PM = −N
(
a3
4
+ 3kaD
)
. (371)
Now, we introduce a new time variable τ , which is defined with the help of the original time variable t by means of
the relation
τ =
∫
N(t)dt, (372)
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or, in an equivalent formulation, as dτ/dt = N(t). On the other hand, by using the definition of PM , we have
PM =
3a2a˙
N
D = 3a3hD, (373)
where h ≡ a˙/(Na), denotes the Hubble function associated to the cosmological model. Then in the new time variable
τ the Hamilton equations of motion for the cosmological fluid, in the f(R, T ) gravity dominated universe, become
D′ = −hθ = −a
′
a
D, P ′D = −3kaM, M ′ = −2
1
6a3
PD, P
′
M =
a3
4
+ 3kaD, (374)
where a prime denotes the derivative with respect to the modified time variable τ . From the first equation of the
above system we obtain the coupling constant θ = D of our toy gravitational model as
D =
δ
a(τ)
, δ = constant. (375)
This result shows us that the nonminimal coupling between the gravitational field and the matter field decreases
as the scale factor of the Universe increases. This may be the physical reason why the nonminimal coupling between
gravity and matter becomes so weak in the limit of large cosmological times, and that presently f(R, T ) gravity
behaves as standard GR.
C. The problem of time
Our attempts of understanding quantum cosmology in a way similar to standard quantum mechanics, or quantum
field theory, are seriously hampered by the lack of the time evolution of the wave function of the Universe in the
Wheeler-de Witt equation. A possible way to transform the Wheeler-de Witt equation into a Schro¨dinger-type
equation can be formulated within the framework of f(R, T ) gravity, and such a transformation may be made possible
by the presence of the curvature-matter coupling. To derive such a Schro¨dinger-type equation we note first that the
product PDPM can be written as
− 2
6a3
PDPM = −hDPD. (376)
In the following, we introduce the fundamental hypothesis that this term can be expounded as Pτ , that is, the
canonical momentum for time. This assumption can be justified in a convincing way, since after performing the
standard quantization procedure Pq = −i ∂∂q , we obtain
Pτ = −i d
dτ
=
da(τ)
dτ
(
−i ∂
∂a
)
= −a
′
a
δ
a
(
−a
2
δ
)(
−i ∂
∂a
)
= −hDPD. (377)
The above result is obviously true if we accept that in the quantum cosmological model the scale factor a(t) is the
only time dependent variable. The relation introduced in Eq. (377) provides us with the possibility to introduce the
further transformation
− 2
6a3
PDPM → Pτ . (378)
The possibility of carrying out such a transformation indicates that the coupling between the gravitational field
and the matter field may play an important role in the evolution of the very early Universe. We will accomplish now
a further simplification of the gravitational action, by assuming it is of the form
f(R, T ) = R + θRT, (379)
and whose main properties we have already discussed. Then we have C = F = PR = 0, while the cosmological
Hamiltonian of the gravitational system is given by
H = Hgrav +Hmatt
= − 2N
6a2
PaPA +
2N
6a3
P 2AA− 3kNaA−
N
6a3
PDPM +
Na3
4
M + 3kNaM. (380)
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The above Hamiltonian is very similar in its structure to the Hamiltonian obtained in the framework of f(R) gravity,
and discussed in [55], except for the presence of a new term
−2 N
6a3
PDPT +N(
a3
4
+ 3ka)M.
This term shows us the effect of the coupling between curvature and matter. Then the Wheeler-de Witt equation
HΨ = 0 for this f(R, T ) gravity model can be written down as
HΨ =
[
− 2
6a2
PaPA +
2
6a3
P 2AA− 3kaA−
2
6a3
PDPM +
a3
4
M + 3kaDM
]
Ψ = 0. (381)
With the help of the transformation defined in Eq. (378), we immediately find
HeffΨ =
[
− 2
6a2
PaPA +
2
6a3
P 2AA− 3kaA+
a3
4
M + 3kaDM
]
Ψ = −PτΨ. (382)
To quantize the model, we substitute Pq = −i∂/∂q in the above Hamiltonian. Thus, we obtain the Schro¨dinger-
Wheeler-de Witt (SWDW) equation, describing the quantum evolution of the very early Universe in the specific
f(R, T ) gravity model (379) as
HeffΨ =
[(
2
6a2
∂2
∂a∂A
− 4
6a3
∂
∂A
− 2
6a3
A
∂2
∂A2
+
2
6
u1w1
1
Aa3
− 3kaA
)
+
a3
4
M + 3kaDM
]
Ψ = i
∂Ψ
∂τ
. (383)
This quantum evolution equation has the form of the standard quantum-mechanical Schro¨dinger equation,
HeffΨ = i∂Ψ
∂τ
. (384)
Therefore, we have obtained the important result that in the framework of f(R, T ) gravity, we can generate a
Schro¨dinger-type quantum mechanical evolution equation from the Wheeler-de Witt equation, which can find an
answer to the challenge of time in quantum gravity. In the limiting case dτ/dt = N(t) = 1, the SWDW equation
takes the standard form of the Schro¨dinger equation with which we are acquainted with, namely,
HΨ = i∂Ψ
∂t
. (385)
D. The physical interpretation of the effective Hamiltonian
Let us analyze now in more detail the physical meaning of the time τ , and of the effective Hamiltonian Heff we have
just introduced. This would also allow us to take a more profound sight into the fundamental quantum gravitational
time problem. In the standard approach to quantum cosmology, as described by the Wheeler-de Witt equation, which
is based on the condition Hψ = 0, there seems to be no time evolution, or dynamics, of the quantum dominated early
Universe. Therefore it follows that the wave function of the very early Universe (or more specifically, the corresponding
physical states) does not characterize quantum gravitational states of the Universe at a particular time instance, as it
happens in standard quantum mechanics. Rather, the solution of the WDW equation describes states for all times or,
in a more precise formulation, the wave function provides only information about the state of the very early quantum
Universe that is invariant with respect to all spacetime diffeomorphism transformations [160]
However, in the modified gravity model f(R, T ) = R + θRT , the concept of time can be introduced locally by
taking into account the coupling of the geometry and of the matter fields. This is possible since the interaction
between gravity (geometry) and matter is also local. The deep relation between the two fundamental fields of physics,
thermodynamics and gravity, tells us that the unidirectional arrow of time may be generated via the second law
of thermodynamics, since both processes are closely related to some forms of irreversible evolution. If we restrict
ourselves to the consideration of a small volume of the Universe, and interpret it as an adiabatic system, with the
WDW equation HΨ = 0 still holding in it, the coupling between curvature and matter will generate an arrow of time
that would allow us to measure the increase of the entropy of this local volume of the Universe, as determined by
its matter content. The other components of the Hamiltonian function, included in the effective Hamiltonian Heff ,
determine the dynamics of the gravitational field, and of its normal matter components. Consequently, the effective
Hamiltonian can be written in the general form
Heff ∼ b1pipj + b2xixj , (386)
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which is similar to the Hamiltonian form we usually deal with in ordinary quantum mechanics. Therefore, we can
propose that the standard quantum mechanical Schro¨dinger equation just represents an effective, locally valid version,
of the Schro¨dinger-Wheeler-de Witt equation. In other words, we may propose the conjecture according to which the
Wheeler-de Witt equation in the presence of a curvature-matter coupling supplies the global quantum description
for the Universe, while the standard Schro¨dinger equation, obtained in the limit of the vanishing curvature-matter
intermixing, provides just the local quantum description of the microscopic regions of the present Universe.
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Part IV
Conclusions
In this review article, we have extensively analyzed the cosmological and astrophysical applications of two recently
proposed classes of modified theories of gravity, namely, hybrid metric-Palatini gravity, building a bridge between the
metric and Palatini formalism, and generalized gravity theories with curvature-matter couplings, in which geometry is
coupled with the matter Lagrangian, or with the trace of the energy-momentum tensor, respectively. The starting point
of our investigations was the “simple” f(R) gravity theory, which, despite its promising features also possesses several
drawbacks, and seems to be unfit to provide a full, accurate and consistent description of gravitational phenomena.
Hence going beyond the f(R) gravity theory may be necessary in order to account for the high complexity of the
recent observational phenomena. From a theoretical point of view we are also facing the problem of the maximal
extension of the Hilbert-Einstein Lagrangian, which has a simple additive structure in its combination of geometry
and matter.
In the present day approach to gravitational physics one can distinguish between two possible avenues for the
interpretation of the complex and intriguing structure of the Universe. The first approach may be called the dark
components model, and generalizes the Einstein gravitational field equations by adding two more terms to the total
energy momentum tensor, corresponding to dark energy and dark matter, respectively. Hence in this approach gravity
is described by the equation Gµν = κ
2T barµν + κ
2TDMµν (φ, ψµ, ...) + κ
2TDEµν (φ, ψµ, ...), where T
bar
µν , T
DM
µν (φ, ψµ, ...), and
TDEµν (φ, ψµ, ...) are the energy-momentum tensors of baryonic matter, dark matter and dark energy (also interpreted as
a form of matter, since according to the theory of relativity mass and energy are equivalent), which are both functions
of some (scalar or vector) fields. Despite its remarkable success, the dark component approach is still facing its own
problems, the most serious one being the lack of any direct detection of dark matter, despite extensive experimental
efforts. Moreover, the plethora of the field type models for dark energy, each with its own problems, raises the question
of the possibility of a unique and consistent field theoretical description of the major constituent of the Universe.
The second approach, which may be called the dark gravity approach, adopts a purely geometrical point of view
on the gravitational phenomena, and explains their dynamics by modifying the geometric structure of the Einstein
field equations. In dark gravity, the Einstein equations may be written as Gµν = κ
2Tµν + κ
2T
(geom)
µν (gµν , R,R, ...),
where T
(geom)
µν (gµν , R,R, ...) is a purely geometric quantity, constructed from the metric, playing the role of an
effective geometric energy-momentum tensor, and which may act as dark energy, dark matter, or both. f(R) gravity
belongs to this class of theories, and it introduces a purely geometric perspective on the gravitational phenomena
going beyond the Einsteinian description. The hybrid metric-Palatini gravity theory also resides in the dark gravity
class of theories, since it is constructed on purely geometric grounds, and it generalizes and combines two geometric
approaches, the metric and the Palatini ones, respectively.
However, a third way to gravitation is also possible, and it is represented by the second class of models considered
in the present review. From a theoretical point of view the basic idea is the replacement of the simple additive
structure of the Hilbert-Einstein Lagrangian density with a more general algebraic structure. The maximal extension
of the gravitational Lagrangian can be constructed by assuming that the gravitational action is an arbitrary function
of the curvature scalar and of the matter Lagrangian. Such a construction implies automatically the existence of a
nonminimal geometry-matter coupling. Other types of such a coupling are also possible, and in particular the coupling
between the Ricci scalar and the trace of the matter energy-momentum tensor has opened novel and interesting avenues
for the study of gravity.
Hence, one can assume the existence of a third direction for the understanding of the gravitational interaction, which
we may call the dark coupling approach, and in which the Einstein gravitational equations can be generalized to the
form Gµν = κ
2Tµν + κ
2T
(coup)
µν (gµν , R, Lm, T,R,T, ...), where the effective energy-momentum tensor of the theory
T
(coup)
µν (gµν , R, Lm, T,R,T, ...) is constructed from the maximal extension of the Hilbert-Einstein Lagrangian by
taking into account its nonadditive structure, which automatically implies the presence of geometry-matter couplings.
Note that in both dark gravity and dark coupling theories the Einstein gravitational constant κ2 becomes an effective
quantity, which may be a function of the field parameters, and of the couplings. In this review we have presented
and summarized the basic ideas, formalisms, and applications of a dark gravity theory, and of several dark coupling
type theories. The gravitational field equations were presented, as well as the equations of motion for test particles.
We have also explored and presented in detail a large number of astrophysical and cosmological applications of the
considered theories, ranging from the scale of the Solar System to the cosmological dimensions of the present day
Universe.
The first considered theory, the HMPG theory, is a purely geometric (dark gravity type) theory, interpolating
between the metric and Palatini formulations of general relativity. The gravitational action is constructed by adding
to the standard Ricci scalar a new term obtained from the Palatini curvature. The theory admits a scalar-tensor
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representation that leads to some important physical and cosmological results. In particular, the most attractive
feature of the theory is its ability to cover in a physical way length scales ranging from the Solar System to galaxies
and to the cosmological level, and to pass all observational tests on these scales. This is possible since in HMPG
there is no definite requirement on the mass of the scalar field, which can also be very small. This result is in strong
opposition with the requirement of a large mass for the scalar field that imposes severe limitations on the f(R)
gravity theory. From a cosmological point of view the cosmological models constructed in HMPG have the potential
of explaining the recent acceleration of the Universe without resorting to the cosmological constant, or to the equally
mysterious dark energy. Moreover, the problem of the possibility of the description of dark matter by the HMPG has
been also fully addressed, and we have found some strong indications that such an interpretation of dark matter as
a geometric effect is possible, on both galactic and clusters of galaxies levels. This would open the possibility of the
explanation of all observed features of the Universe in a framework that unifies the standard metric and the intriguing
Palatini formalisms. The HMPG theory has also profound implications on the structure of compact stellar type
objects, and on black holes, including their thermodynamic properties. In particular, the masses and the maximum
masses of the neutron stars are significantly increased due to the presence of the scalar field. This result may prove
to be important especially in the context of the recently reported LIGO/Virgo discovery of a merging binary system
whose components consist of a 23M⊙ mass black hole and a 2.6M⊙ mass compact companion star (the gravitational
wave event GW190814) [161]. This extremely intriguing observation has lead to a strong debate about the nature of
the secondary star, whose mass is located in the so-called mass gap of the neutron stars [162]. On the other hand
this observation can be easily explained by assuming that the companion star of the massive black hole is a HMPG
star. However, more investigations of the structure of stars in HMPG gravity is necessary, and such investigations
may lead to the possibility of testing modified theories of gravity via gravitational wave observations.
We have also discussed in detail several classes of dark coupling theories, the f (R,Lm), the f(R, T ) and the
f(R, T,RµνT
µν) theories. Each of these theories involve the coupling between matter and geometry, but the forms
of the couplings are different. Generally, in the context of the dark coupling theories, in the presence of curvature-
matter couplings, the motion of test particles is non-geodesic, with an extra force orthogonal to the four-velocity of
the particles being induced by the interaction between matter and geometry. The cosmological implications of these
theories have been investigated in detail, and they indicate some very promising results in the explanation of the late
acceleration of the Universe. Moreover, it is interesting to note that the f(R, T,RµνT
µν) gravity theory is not plagued
by the Dolgov-Kawasaki instability, and hence it successfully passes this important theoretical test. An interesting
characteristic of the presence of the coupling in the gravitational action is the non-conservation of the matter energy-
momentum tensor, which points towards a deep modification of some fundamental physical processes in these theories.
The nonconservation of the matter energy-momentum tensor can be interpreted as describing matter and entropy
creation, with the gravitational field acting as a source of both matter and entropy. From a thermodynamic point of
view, irreversible matter creation induces a thermodynamic arrow of time, and hence geometry-matter coupling and
the corresponding particle creation may serve as an indicator of distinguishing the past from the future, and of the
direction of the time evolution of physical systems and processes.
Particle creation is also the distinguishing characteristics of quantum field theory in curved space-times [163].
Even in ordinary quantum field theory, formulated in flat Minkowski spacetime, locally the number of particles is
not well-defined. For curved geometries induced by the presence of non-zero cosmological constants, quantum fields
lose their standard physical interpretation as asymptotic particles. The presence of particle creation in quantum
theoretical approaches to describe physics and in curved spacetime and quantum gravity leads to the intriguing
possibility that one may interpret non-conservative gravitational models as a first order approximation to the physical
phenomenology of quantum gravity [164]. Thus, we may conjecture that gravitational field theories that intrinsically
contain effective particle creation processes can provide at least a phenomenological description and perspective of the
quantum processes associated to the gravitational field. Similar lines of thought were investigated in [165], where it was
pointed out that energy nonconservation is also a prediction of quantum theory with time-space noncommutativity.
If the time variable is considered as an operator, and if compact spatial coordinates that do not commute with the
time do exist, then the time evolution is quantized, also leading to a violation of energy conservation. A model in a
5-dimensional flat spacetime, consisting of 3 commutative spatial dimensions, taken together with 1 compact spatial
dimension was considered, with the spatial coordinates not commuting with time. In this case the energy flows from
the 3-dimensional commutative slice into the compact extra dimension (and vice versa), thus leading to a restoration
of energy conservation. Since the energy flux is proportional to the energy density of the matter content, one can
derive a differential equation for f(R, T ), and thus a physical criterion for constraining the functional form of f( R,
T) can be obtained.
Dark coupling gravitational theories essentially depend on the choice of the form of the coupling between matter
and geometry, that is, of the function f appearing in the gravitational action. Different (generally simple) functional
forms of f have been proposed, and they can be tested observationally, also obtaining in this way constraints on the
parameters of the models. It would be important to obtain some better theoretical insights into the structure of dark
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coupling theories that would allow to fix the forms of the coupling between matter and geometry. The predictions of
the gravity theories considered in the present review lead to some major differences, as compared to the predictions of
standard General Relativity, or to its generalizations that neglect the role of matter in structuring spacetime geometry.
These lead to the possibility of confronting modified gravity theory through the confrontation of the predictions of
different competing models in the fundamental fields of gravitational collapse, gravitational waves, dark matter, and
dark energy, respectively.
The greatest theoretical challenge present day physics faces is the solution of the problem of quantum gravity, a
still unsolved question, with very little progress being made after almost 80 years of intensive research. Since an exact
solution is missing, due to the complexity of the problem, employing some approximate methods for the study of the
quantum effects in gravity seems to be the best approach to follow in the search for a quantum version of General
Relativity. Among the many proposed approaches a promising path for understanding the role that quantum effects
may play in gravity consists in the inclusion of some fluctuating tensor terms in the gravitational metric, which are
quantum in their nature, and which are essentially stochastic in their physical and mathematical structure. In such
an approach one can represent the quantum metric operator gˆµν as a sum of two terms, with the first given by the
mean value of the classical metric gµν , while the second represents a fluctuating part δgˆµν . Consequently, we can
decompose the quantum metric according to [166]
gˆµν = gµν + δgˆµν . (387)
Moreover, in order to obtain some workable models one can assume that the average of the stochastically fluctuating
part of the metric, which has its origin in the quantum structure of the spacetime, can be described in terms of a
classical tensor quantity Kµν , as
〈δgˆµν〉 = Kµν 6= 0. (388)
The gravitational Lagrangian corresponding this theoretical approach to the quantum gravity problem is given by
L = =
√−g
[
1
2κ2
(R +Gµνδgˆ
µν) + Lm − 1
2
Tµνδgˆ
µν
]
, (389)
and in the semiclassical approximation it leads to a gravitational theory with geometry-matter coupling, as pointed
out in [167]. For a detailed analysis of the cosmological implications of semiclassical quantum gravitational models in
the presence of metric fluctuations see [168].
It is interesting that a conceptualization of the problem of quantum gravity in terms of a fluctuating metric tensor
leads us towards classical gravity theories with a compelling curvature-matter coupling, as well as the non-conservation
of the energy-momentum tensors of the matter. Consequently, all such semiclassical gravity theories involve irreversible
matter production processes. Hence a better comprehension of the physical and theoretical basis of the modified gravity
theories with a curvature-matter coupling can be obtained even from the study of the quantum gravitational theories
with first order quantum corrections induced by a stochastically fluctuating metric. The examination of the physical,
astrophysical and cosmological implications of these theories originating in the quantum structure of the spacetime
can shed some light on the structure and implications of the modified gravity theories with geometry-matter coupling,
and these classical theories can be put to work for the further phenomenological investigation of the quantum effects
in gravity.
As future avenues of research, one should aim to characterize as much as possible the phenomenology predicted by
these theories in order to find constraints arising from observations. The study of these phenomena may also provide
some specific signatures and effects, which could distinguish and discriminate between the various theories of modified
gravity. We also propose to use the data of SNIa, BAO, CMB shift parameter to obtain restrictions for the respective
models, and explore in detail the implications of HMPG theory and the theories with geometry-matter coupling on
the analysis of structure formation in the Universe.
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